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BBenenune

B usjiaHum paceMarpuBaioTcs pasjiesibl TEOPUK MHTEIPUPOBaHUs PYHKITMI
JIBYX W TPeX BEIIeCTBEHHBIX MEePEMEHHBIX, OOBIUYHO BKJIIOUaEMble B KYPC BBIC-
el MaTeMaTUKN JIJI TeXHUIECKUX BY30B. V3I0:KeHbI TPUHIIAIIBI TOCTPOCHUSI
1 OCHOBHBIE CBOHCTBA JBOWHBIX, TPOWUHBIX, KPUBOJUHENHBIX U MTOBEPXHOCTHLIX
nHTerpasoB. Ilocaeausss 1acTh U3MaHNs MOCBSIEHa Pa3/ieJly TeOPUU WHTErPU-
POBaHMST, OOBITHO HA3BIBAEMOMY TEOPHUEil 1OJIsi U CBI3AHHOMY C MPUJIOYKEHUEM
Teopun B (pU3UKE. DTOT MATEPHUAJI SIBJISETCS OCHOBOM JIJIsT CIIeINaIbHOI0 Kypca,
MaTeMaTHIecKoil (PU3NKH.

st GOMBIINHCTBA YTBEP:KIeHNH, c(DOPMYJIUPOBAHHBIX B M3JIAHUU, [IPH-
BEJIEHBI TIOJIHBIE JoKa3aTeabcTBa. OHAKO WHOIIA TaKWe JT0KA3aTeJhCTBA OKa-
3BIBAIOTCS CTOJIb TPOMO3JKUMHE, UTO UX IIPUXOAUTCS onycKaTh. Ho u HekoTopbie
U3 U3JI0YKEHHBIX JIOKA3ATE/ILCTR SABJIAIOTCS BCE-TAKW JIOCTATOYHO JIIMHHBIMU; UX
MOYKHO (U, BEPOSITHO, IeJecO00Pa3HO) He TPUBOJIUTH B KypCe JIEKIUii JIJIsT TeX-
HUYECKOI'O BY3a.

PaccMmarpuBaeMbIM BOIIPOCAM IIOCBSIIIEHO JJOCTATOUHO MHOI'O JINTEPATYPHI,
13 KOTOpoii ciepyer ormernth yaebnuku [1|-[4]. Kuuru [1], [2] npennasnadens
JUTst yHUBEpCeUTeToB, a 3] — misa crynearop MOTU. Dru yuebHukn mpemoia-
raroT BBICOKUUA YPOBEHbH MaTeMaTHUYECCKOW IMOJAIOTOBKHU YUTATEJaCH U JIJId CTY-
JIGHTOB TEXHUYIECKUX BY30B SIBJISIIOTCS, BEPOSITHO, CJUIIKOM TPYJIHBbIMU. KHUTa
[4] siBiisiercst By30BCKUM yUEOHMKOM 110 PACCMAaTPUBAEMbIM B JIAHHOM U3JIaHUK
TeMaM.

[Tocrpoenne Teopun nHTErpUpOBaHUsi (PYHKINH HECKOJIBKUX IIePEMEHHbBIX
TECHO CBSI32HO C TAKUMU OCHOBHBIME T€OMETPUICCKUMU (UJIH, TOTHEE, TOMOJIO-
IHYECKUMMU ) TIOHATUSIMU, KaK 00JIACTb, JIMHUS, TIOBEPXHOCTH U T. J1. JTOBOJIbHO
CJIOYKHO JIaTh TOUYHbIE T€OMETPUUYECKUE OIpeJiesieHust TuX noHsaTuii. [Tosromy
€CTEeCTBEHHO OIUChIBATH TaKue O0ObEKTbl aHAJUTUUYECKHU, T. €. KaK MHOYXKECTBA
touek B R? mim R3, KoopauHATB KOTOPBIX VJIOBJIETBOPSIOT HEKOTOPBIM COOT-
HOIIEHUSIM. DTH COOTHOIIEHHMSI MOTYT ObIThb Pa3HbIMU B Pa3IMUIHBIX CJIydasix
U IPUBOJSAT K PA3JIMIHLIM aHAJUTHICCKUM OIPEJICJICHISIM KPUBBIX, TOBEPXHO-
creil U T. JI.; PU 3TOM Takue 00beKThl 00J1a/[al0T U PA3JIMIHBIMUA I'€OMETPUYe-
CKAMU CBOWCTBaMU.

[TpuBejiem Te aHajMTUYECKUE OIIPEJIECJIEHNs YKA3aHHbBIX I'€OMETPUIECKUX
00'bEKTOB, KOTOpbIE UCIIOJIb3YIOTCA B JJAHHOM HM3J/IaHUU.

Kpuevie (aunuu) 6 R? u R3. [Iycts Oxy — nekapToBa cHCTeMa KOOp-
JMHAT Ha TUIocKocTH. Henpepuwenot (ocopdanosoti) KpuBOH Ha3bIBAETCS MHO-
skecrso Touek { = {(z,y): x = z(t), y = y(t), t € [tV tP]}, rre () u y(t)
— menpepeiueie a [t )] bynximun. Eciu 7 paguyc-exrop! Toukn (z,v),

1 JIns BekTopa & € R? Bclojly B M3JaHUI UCIOJIb3YeTcs obo3Hadenne T = [z, 19|, rue o1 u
Ty — JeKapTOBbLI KOOPAUHATHI T. AHajsorudno, £ = [r1, Te, r3]7 — Bekrop B R? ¢ lekaproBbiMu

KOOPJIMHATAMH L1, Lo, T3.



TO HereprBHaﬁ KpI/IBaH Saﬂ;aeTCﬂ COOTHOIIIEHUAMMN .
F=7t) = [z(t),y(®)]", te[tWt?], tVeRr, ?eR

B yacTHOCTH, HEIIPEPBIBHLIMU KPUBBLIMU SIBJIAIOTCS I'papuk PyHKIUNT §y =
= g(x), z € |a,b], u x = h(y), y € [c,d|, ecniu byuknuun g(x) u h(y) nempe-
PbIBHBI, COOTBETCTBEHHO, HA IIPOMEXKyTKax [a,b] u [c, d].

Nzsectro (eM. |1]), 970 MHOKECTBO TOUEK, sIBISIONICECS KOPIAHOBO (T. €.
HenpepblBHoﬁ) KPUBOi, MOKET ObITh BECbMa, CJIO?KHBIM C I'€OMETPUIECCKON TOY-
K1 3PEHUST, TTOITOMY 1E1eC000PAa3HO BbIACINTH CPEJIM 3TUX KPUBBIX OoJiee y3Kuii
kyacc. Tak, XKOPJAHOBY KPUBYIO HA30BEM TJIaJIKOM, ecyn pyHkius 7(t) mudde-
pentupyema na [t 3] u ||7/(t)]| # 0. Bexrop 7(t) siBisiercs KacaTeabHbIM
BEKTOPOM K TJIQJIKOW KpUBOil. By/eM Ha3bIBaThL »KOPJAAHOBY KPUBYIO KYCOUHO-
enadroti, ecn orpesok [t )] moxker 6bITH Pa3bUT Ha KOHEUHOE YHCIO OT-
pe3KoB [t;_1,t;], Te W =ty <ty < ... <t, =t? uxaxkgas u3 KpUBbIX
r=7(t) = [z(t), y(t)}T, t € [ti1,1;], aBasiercs roaJIKoi.

st rimajakoit Kpupoii £

t®?

/\/ + (y (1)) dt < +o0.

(1)

Yucao L(¢) naspiBaercsa daunot L.

Kpusas ¢ nazeisacrcs samknymot, ecima 7)) = 7). Bamkuyras kpu-
Bast £ rajKad, eciiu £ — raajxag kpusas u 7 (1) = 7/(¢2)). Ecim £ — kycouno-
riagikas kpusas u 7(t1) = 7(t?2)), 1o £ — 3aMKHyTas KyCOUHO-TIIAIKASL KPUBASI.

Ecm 7(t*) = 7(t*) mpu t* € [t 3], v+ ¢ [t t?)] u t* # t** 10
KpuBast £ WMeer TOUYKY camoriepecederusi. Bcioly B JaHHOM W3JIaHUU TTPEIITO-
maraercs (1 0cobO HE OrOBAPUBAETCs), UTO PACCMATPUBAEMbIE KPUBBIE TOUYEK
caMoTiepecevdeHunst He UMEIOT, XOTsi MHOTHEe n3 (POPMYJIUPYEMBIX YTBEPIK ICHUIT
CIIPABEJIJIUBBLI U O6€3 3TOr0 OTpaHUICHUSI.

[TousiTust >k0p1aHOBOM, VI KON U KYCOUHO-TJIaJIKOM KPUBBIX B R3 anaJo-
TUIHBI CJTy9alo MJIOCKOCTH.

Obaacmu 6 R?. JIs TOUEK TIJIOCKOCTH OIPE/IEICHO MOHSATHE PACCTOSHIS
MEXKJIy HIMU U TeM CaMbIM — TOHSTHE OKpecTHOCTH. g 106010 MHOXKECTBA
X C R? 06br9nbIM 00pa30M ONPEJIEIAIOTCH ero BHYTPEHHNE U TPAHUIHbIC TOU-
K.

Hazosem muO)kKecTBO D TOYEK ILJIOCKOCTH OI'PAHUYEHHON 00J1acThIO, €Cc-
JIM MHOXKECTBO TPAHUIHBIX TOUeK D (epanuya D) ABISETCS KyCOTHO-TIIAJKOI
3aMKHYTO# HecaMmollepeceKaloleiicsi KpuBOil Ha ILJIOCKOCTH. B ciydae, Korzia
rpanura D He npuHajaeKuT D, odbsacts D HasbiBaeTcsa omkpumot. Ecin xe
rpanutia D npunajgiexxkur D, o D HasbiBaercs 3amknymot odiactbio. Besjie
B JIAHHOM HU3JaHUU OOJIACTH Ha IJIOCKOCTU MPEIIoaraloTcs 3aMKHYThIMU, W B

4



OOJIBIIUHCTBE CJIYyYaeB 9TO YCJIOBHE sABHO He dopmyupyercsa. Hekoropbie ns
HPUBOJIMMbBIX B U3JIQHUN YTBEPKJICHUI BEPHBI U JIJIsi OTKPBITHIX 00JIaCTei.

st paccMaTpuBaeMbIX B U3JIAHUK 00JIACTell Onpe/ie/ieHO MOHATHE UX TLJI0-
I1a,/11, KOTOPast B IPOCTEHIINX CJIyUdasiX BbIYUCISIETCS C MOMOIIBIO OIPE/Ie/IEHHO-
ro uaTerpasa. [Lnomans obractu D obozuadum S(D). OTMerum HCoib3yeMbie
Jlajiee eCTeCTBEHHbIE CBOMCTBA, ILJIOMIAJIH:

1) S(D) > 0 muga gwoboit obiactu D, jijisi KOTOPOil MOHATHE ILIOMIA/H
OIIPEJIEJICHO;

2) ecqin obsmactu Dy u Dy umeror mwommagu S(Dq) u S(Dy) cooTBEeTCTBEHHO,
D = Dy U Dy u Dy u Dy ne nepecekatorest, . e. Dy N Dy = (), 1o S(D) raxxke
onpenesiero n S(D) = S(Dq) + S(D2).

Bropoe n3 yKa3aHHBIX CBOWCTB HA3bIBACTCSA aJUTHBHOCTHIO TLIOIIAJIN.
BaykHno orMeTuTh, uto ecyqii D u Dy — 3aMKHYyThIe 00JIaCTH ¢ KyCOUHO-TJIA KM~
Mu Tpanutamu, To pasernctso S(D) = S(Dp) + S(D2) cnpaBeniuBo u B TOM
ciaydae, Koryia D u Dy umetor obI1ime TOYKHW, HO TOJILKO TaKue, KOTOPhIE SBJIs-
FOTCST TDAHUYHBIMU TOYKAMU Kak obsactu Dy, Tak u obsactu Do (Gyaem mpu
9TOM TOBOPHUTH, 41O obnactu DD m Dy mepecekaioTcst pa3Be JIUITh MO0 CBOUM
TDAHUIIAM).

Ioseprrocmu e R3. Tlycts Oxyz — neKapToBa CHCTEMa KOODIAMHAT
B R3. Henpepuienoti moBepxHoctbio Y B R? Ha3bIBaeTCS MHOXKECTBO TOUEK,
PaJINnyChI-BEKTOPHI KOTOPHIX 3aaI0TCA COOTHOTIEHUSIMI

7= en) = [2(&n).y(En),2(Em)] (&) € Dey,

rie Dy, — nekoropast 00IacTh Ha IJIOCKOCTH C JIEKAPTOBOH CHCTEMO# KOOPIH-
nar O'&n. B 4acTHOCTH, HEmpepbIBHOI MOBEPXHOCTBIO B R3 aBisgercs rpaduk
byukiun 2z = g(z,y), (z,y) € Dy, vae Dyy — obsacts Ha miockoctu Oxy,
ecin bynkims g(z,y) nenpepbiBaa Ha Dy,

Cpesm  MHOXKECTBA,  HENPEPBIBHBIX  MOBEPXHOCTEH  BBIJCIACTCA  KJIACC
rJIaJIKUX nopepxuocreil. HazoseM HenpepbIBHYIO MOBEPXHOCTL Y TJIAJKOM, €Cin
bynkiust 7(&, 1) numeer HenpepbiBHble Ha Dy 1POU3BOJIHbBIE

or oy 921", [ oy 0z]"
86765’85 Y n 8]’]78]']’81']

Jutst Beex TovueK Dgy. 3rech u jasee [d, b o3navtaer BEKTOPHOE MPOU3BE/ICHNE

[l Tl # 0

—/
7"5:

BEKTOPOB @ 1 b.

[ToBepxHocTs X OyjieM Ha3bIBATH KYCOUH0-24a0K0T, ecyn BCogy Ha Diy,
HCKJIIOUasl KOHEUHOE UNCI0 KYCOTHO-TJIAIKUX KPUBBIX, OIPE/IECHBI HEIIPEPhIB-
Hble NPOM3BOJHbBIE 73 M 7y W BBHIIOIHEHO YCIOBHE ”[F/C’F;]]H # 0. Tnagkas
MOBEPXHOCTH MOYKET MMeTh TOUKW (M JIMHUH) camornepecedenus. Byaem Besje
npejosararh (1 He 0OTMeYaTh IT0 0C000), UTO BCe PACCMATPUBAEMbIE OBEPX-

HOCTH H€ MMEIOT TOYEK CaMOoIlepeCCHYCHU .
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Huist riaikoit MoBEPXHOCTH MOXKET ObITh OIPEJICJICHO MOHATHE ,,kpatl 10~
seprrocmu’. IlpuBecru 3j1echb TOYHOE OIPEJIEJICHUE TOIO HOHSTHUS HE HPEJi-
CTABJISICTCA BO3MOXKHBIM, IIO9TOMY B TeX CJIydasX, KOIJ[a OHO HCIIOJIb3YeTCH,
HPUXOJUTCS ONPAHMIMBATHCS HATJISIIHBIM I'€OMETPUYECKUM PEJICTABICHUEM.

Obaacmb 6 R3. Jlna muoxecrsa X C R? takske ecrecTBenHO ompejie-
JIFIOTCsl ero BHYTPEHHUE W rpaHnunble Toukn. Orpanndennoi obsacreio B R3
Oy/leM Ha3bIBATh MHOXKECTBO {) B TOM CJIydae, €CJu MHOXKECTBO €ro I'paHud-
HbIX TOo4YeK (rpannia ) sBJsieTcst KyCOUHO-IJIaJKOH noBepxHocTh 2. [ToBepx-
HOCTb > B 9TOM CJiydae HasbIBaeTCs 3amknymot. OupegeseHus OTKPbITHIX 1
3aMKHYTHIX obsiacreil B R anajgornunsl ciydato miockoctu. Bee obnacrn B R3
IPEJITOIArafoTCA 3aMKHY ThIMHE.

B mkosibHOM TporpaMmMe 1o MaTeMaTHKe PacCMaTPUBAECTCS TIOHSITHE 00he-
Ma JIJIsT TPOCTERIITIX T€OMETPUIECKUX TeJl. DTO MOHITHE MOXKET ObITH pacipo-
cTpaneHo n Ha 6ojee cioxubie Muokectsa X C R3. TTpu srom obomem V(X))
MHOXKecTBa X 00J1aJ1aeT CJIeIYIONUMEA eCTeCTBeHHBIMUA CBOWCTBAMMU:

1) V(X) > 0 gist moboro X C R?, o6bem KoToporo onpejieien;

2) ecoin X = X7UXo u X1NXy = 0 u cymecrsyror V(X), V(X;), V(Xy),
o V(X) =V(X1) + V(Xy).

Bropoe ¢Bo#cTBO, KaK M JiJIst MJIOMIAJM, HA3bIBAETCS I IUTHBHOCTHIO 00~
ema. Jaa Q; u Qy, apasonmxcs obsactamu B R? ¢ KyCOUHO-IVIAIKIMU Ipa-
nunamu, pasencrso V(2) = V(Qq) + V(Qy) cnpasejginso u B ToM ciydae,
Korja §27 u ()9 mepecekaroTCs, HO pa3Be JIMIIb 110 CBOMM TpaHumam. V3 orme-
YEeHHBIX CBOHCTB 00beMa cjiejlyer, B dacTHOCTH, 910 ecau {21 n §) — obsactn ¢
KyCOIHO-TyIakuMu rparutamu u 21 C €2, to V(1) < V().

B uzjannu mzydarorcs (PyHKIUU, 33J@HHbIe HA KPUBBIX, 00JACTAX WU
MMOBEPXHOCTsIX. JacTo Oy/IeT HCIOTb30BAThCS CIIEYOIee YTBEPKIeHUE (Teope-
ma Beitepriirpacca): ecin dynkiust f(P), P € D, onpejiejiena 1 HerpepbiBHA Ha
OrpaHUIeHHON 3aMKHYTOl obsactu D, to f(P) orpanndena va D u gocruraer
CBOWX HAMOOJIBINErO ¥ HAMMEHBIIEro 3HAUEHHU, T. €. CYIIECTBYIOT TaKHe TOUKH

P.e D, P*e D, o f(P,) = inf f(P), f(P") = lleelgf(P)-

B HEKOTOPBIX Clydasix MCMOJIb3yeTCsl TaKyKe CBOWCTBO PaBHOMEPHON He-
npepeiBHOCTH byHKIwmiA. QOyuknus f(P), P € X, Ha3blBaeTCsS PasHOMEPHO
Henpepuenoti Ha MHoXKecTBe X, ecan jJist aroboro € > 0 cylmecTByeT Takoe
d > 0, uro mua mobeix Touek P € X, P’ € X, y1oBIeTBopsiomux yeJI0BIO
p(P', P") < &, Bomounneno nepasencreo |f(P') — f(P")| < & suech p(P', P")
— paccrosnue Mexkjy Toukamu P’ u P,

CnpageynBa TeopeMa (Beitepirpace): ecsin dbyHKIUS HeIpepbIBHA HA 3a-
MKHYTOM OI'PAHUIEHHOM MHOXKeCTBe X , TO OHa PABHOMEPHO HelpepbiBHa Ha X .

Oyuknuio f(P), P € D, Oynem Ha3bIBATH KYcouno-nenpepuienot va D),
ecsin 00Js1acTh D (3aMKHYTYIO) MOXKHO pasbUTh Ha KOHEYHOE YMCJIO 3aMKHYThIX
obsnacreit D;, mepeceKaomuxcs MexK, Iy coboil pa3Be JIUIID 110 CBOMM I'DAHUIIAM,
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u f(P) menpepbiBHA Ha KaxK10il obmactu D;.

OTMernM HEKOTODBIE CTAHJAPTHBIE 0DO3HAYMEHWsI, TIPUHATHIEC B U3AHUH:
MHOXKECTBO BEIECTBEHHBIX nces — R; 3HaK Wl OTMedaeT KOHeIl JI0Ka3aTebCTBa,;
3HAK ® — KOHEI| 3aMevIaHusl.

1. IBOMMHOM MHTETPAJI

1.1. OmpeneneHne ABOITHOTO MHTETrPAJIa

Paccmorpum B R? HEKOTOPYI0 OrpaHHYeHHYI0 3aMKHYTYI0 06acTh D ¢
KYCOYHO-IVIaJIKOI I'panuneit. st jiroboro orpaHn4eHHOI0 MHOXKECTBA X TOYEK
n3 R? onpenemum ero guamerp d(X) pasencrsom

dX)= sup p(P,P"),
PeX PleX

rie p(P', P") — paccrosinue mex ity P’ u P”. B wacrHocTu, jijisi orpaHudeHHoit
3aMKHYTO 00JIaCTH JHaMETPOM sIBJISIETCsT HanbOJIbINas XOp/a.

O6osnaunm S(D) mromaab obnactu D. Beiony najiee Oyem caurarh, 9T0
Jisl pacecMaTpuBaeMbix 00JsiacTeil BbiojiHeHo nepasenctso S(D) > 0,

ITycts Ha obmactu D 3amana BerecTBennas ¢gpyuknus f: D — R.

Paccmorpum pasouenne {D;} obmactu D Ha qacTudHble (3aMKHYTHIE) 00-
nactu D;, 1 = 1,2,...,n, ¢ KyCOUHO-IVIAJKUMUA I'PAHULIAME, KOTOPLIE MOIYT
IepecekaThCs MexK Iy coboii passe JIMIIL 110 ¢BouM rpanuram. s obiacreit
D; Tak»ke omnpejiesieHbl X IJIOIIA A, KOTOpble obosnaunm AS;, i = 1,2...,n.

Oboznaunm A = max d(D;) nanboJbIHil U3 IUAMETPOB TACTHIHBIX 00JIa-
1=1,2,...n

creil 1 Ha30BeM A paHrom pasbuenus. B kakjoit u3 obsacreit D; BbiOepem
PON3BOJIbHYIO TOUKY P; € D; n paccMOTpUM CyMMy

=1

Ha3bIBAEMY0 UHTEIPAJLHON cyMMmoii juist hyukiuu f(P), obiacru D, pasbue-
aust {D;} u Touek P;.

Omnpenenenue 1.1. ucao [ nasveaemca 060TUHBIM UHMEPANOM  OM
dynruuu f(P) no obaacmu D, ecau das awbozo € > 0 cywecmeyem ma-
koe & > 0, wmo das aobozo pasbuenus {D;} ¢ paneom, ydosaemeoparouyum
yeaosuro A < O, u ar0bo0z0 evibopa movex P; € D; cnpasedauso mepasencmeo

> f(P)AS; —I| <.
=1

7



Qynxyua f(P) nasweaemca 6 amom caywae unmezpupyemot no obaacmu D
U 0ada d60TUN020 UHMEPAAG UCTLONDIYEMCA 0003HaAYEHUE

[://f(PdS

JBoiinoit uaTerpas cymecrsyer He s Beskoit dyaknuu f(P). Heobxo-
JINMBIM YCJIOBUEM CYIIIECTBOBAHMsI HHTEIPAJIA SBJISIETCS OIPAHUICHHOCTH (DY HK-

muu f(P).

Teopema 1.1. Ecau ¢ynruyua f(P) unmezpupyema no obaacmu D, mo
f(P) oeparnuuena na D.

HokazarenbcTBo. [eiicTBUTebHO, TPEIIONoKIM, HarmpumMep, 910 f(P)

He orpanmuena ceepxy na D. Torma cymecrByer Takasi MOCIEI0BATEILHOCTD

{P;} mouek P, € D, garo lim f(P;) = +oo. Ilpu mobom pazduennn {D;}
k—o0

B KaKyIO-Ju0O M3 4acTUUHBLIX objacTeil 1momajier 6ECKOHEYHO MHOI'O TOYEK U3
nocsegoBarebaoctr { Py b Torma, mocsienoBareibHO BBIOUpast 9T TOUKH B Ka-
YeCTBe COOTBETCTBYIONIEH TOUKN P, TIOJIyUYrM OCJIEI0BATEILHOCTD HHTEIDaJIb-
HBIX CYMM, He orpaHudeHHyio csepxy. CiejioBaTesibHO, TpebyeMoro B COOTBET-
crBumn ¢ oupejeneHueM 1.1 guciaa I B 9TOM ciydae CyIIeCTBOBATH HE MOXKET,
4TO ¥ JIOKa3biBaeT Teopemy. Wl

YrBepxkienue, obparnoe Teopeme 1.1, He siBJIsieTCsi BEpHBIM: OI'PAHUYEHHO-
cru dyuknuu f(P) we gocrarodno s ee uarerpupyemocti. Chopmynupyem
6e3 J10Ka3aTe/IbCTBA ITPOCTERIITYIO TEOPEMY O JIOCTATOYHBIX JIJIs HHTEIPUPYEMO-
cru f(P) yciaoBusx.

Teopema 1.2. Fcau ¢ynxuyua f(P) xycouno-nenpepuena 6 3a.mrxnymot
obaracmu D, mo ona unmezpupyema no D.

YesoBre Kycounoii HenpepbiBHocTd f(P) siBIsieTcs BechMa CUIIbHBIM OTDa-
HUYEHUEM U MOXKeT ObITh B 3HAUUTEJILHON crerienu ocsiabseno. He Oyjiem nipu-
BOJIUTH COOTBETCTBYIOIIHE TOUHBIE (POPMYITUPOBKHU, IIOCKOJIBKY B IPUIOXKEHUIX
JIBOITHOI'O MHTErpaJia OObIYHO JIOCTATOYHO PACCMATPUBATH KYCOUHO-HEIIPEPbIB-
Hble (DYHKIIUH.

[ousitue j1BOMtHOrO MHTErpaJia €CTECTBEHHBIM 00PA30M PaCIPOCTPAHSIETCS
Ha KOMHJIGKCHOBH&‘{HI)IQ bynknun, onpenenennbie Ha D. Tak, ecom f(P) =
= f1(P) 4+ if2(P), 10 110 onpejesienuto

//f )dS = //f1 dS+z/ fo(P

B TOoM ciydae, Korja Gyuknun fi(P) u fo( P) uarerpupyemst mo D.
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1.2. CsoiicTBa JBOITHOTO MHTErpPaJia

OcHOBHBIE CBOICTBA JIBOMHOIO HHTErpaJia aHAJOIMIHbI CBOMCTBAM OIpE/ie-
jgennoro uaTerpaja. ChopMmynmupyeMm Ux Jis Caydas BEIeCTBeHHbIX (OYHKIUIA.

Teopema 1.3. Cnpasedauso pasercmeso

// dS = S(D). (1.1)

Jloka3zaTeJbCTBO. YKa3aHHbIl JBOWHON WHTErpaj COOTBETCTBYET CJIY-
qato f(P) = 1. dua sroit dbyuknuu f(P) npu J0b0M pasbueHnu u Jobom
BBIOOpE TOUEK P, nHTerpaibaas cymma coBnagaer ¢ S(D) 1mo cBOWCTBY aJiiu-
rusHoCTH 1otam. CrenoBarenbho, Gyukius f(P) = 1 unrerpupyema wa D
¥ BBITIOJTHEHO paBeHcTBO (1.1). W

Teopema 1.4. Ecau gynrxuuu f1(P) u fo( P) unmezpupyemvi no obaacmu
D, oy €R, g € R u f(P) =0 f1(P)+ xafo(P), mo pynxuyua f(P) makoce
unmezpupyema no D u

//f(P)dS: o //fl(P)dS+oc2 //fQ(P)dS. (1.2)

OrmernM, 9TO pAaBEHCTBO (1.2) OOBIYMHO HA3BIBAIOT CBOMCTBOM JIMHEHHOCTH
JIBOMHOTrO MHTETrpaJa.

Teopema 1.5. Ecau f1(P) u fo(P) unmeepupyemv, no obaacmu D u 6vi-
noaneno nepasencmeo f1(P) < fo(P) npu P € D, mo

/ / fi(P)dS < / / F2(P)dS.

D

HokazarenbcrBa TeopeM 1.4 u 1.5 aHaJIOrMYHbI JIOKA3aTE/ILCTBY COOTBET-
CTBYIOIIAX TEOPEM JIJIs OIIPEJIeNIeHHOr0 uuTerpasa (cm. |5]).

Teopema 1.6. Ecau ¢ynruyua f(P) unmeepupyema no obaacmu D, mo
dynwyua | f(P)| maxoce unmeepupyema no D u

[[ seis| < [[1rpyias (13

Joka3zaTeabcTBO. [Ipexkje Bcero HeoOXOAMMO YCTaHOBUTH MHTEIPUPYeE-
mocth 110 D dyukiuu | f(P)|. Orpanudaumcst jokasaTebcTBOM 3TOro (hbakra
TOJIBKO JIJIsT HellpepbIBHbIX Ha D dyukiwii. B arom cayuae |f(P)| rakxe Gymer

9



HEIIPEPBIBHOI U, CJiejIOBaTEeIbHO, HHTerpupyeMoit 1o D (yHKIKel Ha OCHOBAa-
Huu reopembl 1.2. Tak kak npu Bcex P € D cupaBeyiiBbl HEPABEHCTBA,

—[f(P)] < f(P) < [f(P)] (1.4)

w dbyukuun f(P), | f(P)|, —|f(P)| narerpupyemsi o D, o u3 (1.4) no reopeme
1.5 caenytor HepaBeHCTBA

_//\f(P)\dSS//f(P)dSS//!f(P)\dS,

paBHOCHJIbHbIe HepaBeHcTBy (1.3). I

Teopema 1.7. Ecau dynxyua f(P) unmeepupyema u ozpanuvena 6 06-
aacmu D, mo cnpasedaiusvl Hepasencmea

mS(D) < / / f(P)dS < MS(D), (1.5)

ede m = inf f(P), M = sup f(P).
pPeD PeD
JokazareabcTBo. OTMeTHM CHaYaJa, YTO CYIIECTBOBAHUE YUCEJ M U
M cnepyer uz orpannuennocru dyukiyu f(P). dcho, uro npu Bcex P € D
crpaseyiuBbl HepaBenctBa m < f(P) < M. U3 sTux HEpaBEHCTB, HHTETDH-
pyemocru ynkiun f(P) u pasencrsa (1.1) caeayror (¢ yaerom Teopembl 1.4)
nepasencrsa (1.5). W

Teopema 1.8. (Teopema o cpemuem). Ecau f(P) nenpepvisha 6 3a-
MEHYMOT obaacmu D, mo cyuecmseyem maxas mouxa P* € D, wmo

[[ spyas = rps0). (1.6)

Joka3zarenbcTBo. HanoMunm, 4T0 npeanosaraeTcs BbIIOJTHEHHBIM Hepa-
gencrso S(D) > 0. Unrerpan [[ f(P)dS cymecrsyer, tak kak f(P) nenpe-

D
pbisHa. st qucia = [S(D)]_1 [[ f(P)dS w3 coornomennit (1.5) caenyior
D

nepagercra m < @ < M. [Mosromy jyist HenpepbiBuoit dyukuuu f(P) 1o
Teopeme Beiteprmrpacca Haiigercst takast touka P* uro f(P*) = w. 910 pa-
BeHCTBO paBHOCUIIbHO (1.6). W

Teopema 1.9. (AgmuTuBHOCTH [aBOIiHOrO muTerpasga). Feiu D =
= DW U DO, 20¢ DY w D® — o6racmu ¢ kycouno-zaadkumu epanuyamu,
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NePeceraouuecs passe AUty no ceoum epanuyam, u gynryua f(P) unme-
epupyema no D, mo f(P) unmeepupyema no DW y no D@ 4

[[rss- ffruse ffnows o

D) D®@)

Haobopom, ecau npu mex sce yeaosuax wa obaacmu D, DU w D@ dymryusn
f(P) unmezpupyema no obaacmam DY u D mo f(P) unmezpupyema no
D u cnpasedauso pasencmeo (1.7).

Joka3zaresabcTBO. Hanbosiee TpyiHOI 4acThiO JIOKA3aTEIbCTBA TEOPEMbI
sBJIsIeTCs oKazarenberso unrerpupyemocti f(P) no obmactsm DU u D@ (s
nepBoM caydae) uian 1o obsnactu D (Bo BropoM ciydae). OrpaHutduMcs 3/ech
TOJIBKO CJlydaeM KycouHo-HenpepbisHoit Ha D dyukuuu f(P). B obuem ciy-
qae jokasaresbeTBo npusesieHo B |1]. Kycouno-uenpepeiBhas na D byHKIMs
f(P) byuer Takke KyCOUHO-HEIPEPHIBHON U Ha, DWW, 1 na D@ Tlosromy Bee
MHTErPaJIbl, BXOJAIINE B paBeHCTBO (1.7), cymecTByIOT, 1 JIJIs JI0Ka3aTe/ILCTBA
TEOPEMbl HEOOXOAMMO TOJIHKO yCTaHOBI/ITb crpaseimBocThb (1.7).

Paccmorpum pasbuenus {D } i =1,2,...,n, obnactu DY) u {D }
j=1,2,...,m, 06.HaCTI/I D® Tlycrs € > 0 u panrn A; pasbuenmus {Di } 1 Ag
pa36I/IeHI/IH {D }TaKOBbI qTOo

% (1.8)

Z — b
JUTsT JTI0O0OTO BBIOOPA TOUEK Pi(l), 1=1,2,...,n,m P( ) , 7 =1,2,...,m; 31€ch

i o, 1 ff s

D) D®)

Ob6beunenye pasouennii {D } {D } nopox/jiaer pasbuenue obsnactu D.
O6o3znauum ero { Dy}, k = ,m+m; yacruunbie obsacru Dy cOBHAAI0T

Jmbo ¢ DZO), Jbo ¢ D;Q). COOTBeTCTBeHHO obosnauum Py, k=1,2,...,n+m,

TOYKH Pi(l) (8 DW) u Touxn Pj@) (8 D®). Torma mrs paz6uenus { Dy} obnacru
D wn touek Py cpaBeJIMBO PaBEHCTBO

n+m

> f(PAS, = Zf HAs! +Zf
k=1
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[TosTomy u3 mepasencrs (1.8) caemyer:

n—+m
Zf(Pk)ASk_Il_]2 <
k=1
<N AEMNASY — |+ |3 pPPASY — L) <e. (19)
i=1 j=1
Takum obpasom, Jits Jjiroboro € > 0 Haiiayrest Takoe pasbuenue { Dy} obractu

D v rakune Toukn Py, uro cupaseuinso nepasencrso (1.9). Ilosromy [[ f(P)dS
D
JIOJZKEH COBNAJATEL ¢ YUCIOM I1 + I3, UTO M O3HAYAET BBIIOJHEHAE PABEHCTBA,

(1.7). =

3ameuvanue 1.1. Teopemnr 1.4 u 1.9 cupaBeiuBbl Tak>Ke U JJIsi JIBOAHDBIX
MHTErpaJjoB OT KOMILJIEKCHO3HAYHBLIX (pyHKIMi. JoKazaTeabcTBa JIjisd JTaHHOTO
caydasi HEIMOCPEJCTBEHHO CJEJAYIOT M3 TEOPEM B BEIIECTBEHHOM CJIydae W U3
olIpejieieHus HHTerpaJa 0T KOMILIEKCHO3HAUHbIX (pyHKInii. Teopema 1.6 TakxKe
BEpHa, JIJIsI KOMILJIEKCHO3HATHBIX (PYHKIUHI, HO €€ JOKa3aTeJILCTBO B 9TOM CJLYIae
HECKOJIBKO YCJIOXKHSIETCSI. ®

1.3. IloBTOpHBIII MHTErpaJ B JeKapTOBBIX
KOOpJAWHATaX

[Iycrb ma IocKOCTM 3ajaHa  JekaproBa cucreMa koopauuar Oxy.
Paccmorpum  obaacts D,  jgekapto-
BBl KOODAMHATHI (I,Y) TOYEK KOTO-
PO YJIOBJIETBOPAIOT COOTHOIICHUSIM:
a <z < b ogi(z) <y < galo),
- rie g1(x) u go(x) — HempepbIBHBIE Ha
y = 9il) : [a,b] dbynxnuu. Hazosem rtakyio 06-
JIACTH TPABUJILHON OTHOCHTEIHLHO OCH

Puc. 1.1 Oz (puc. 1.1).
[lycte wa D 3amama memnpepbiBHasg ¢yuknusa f(z,y). Pacemorpuwm

bynkimo!

Y Y = ga(7)

Q - --
S
8

@)

92()
F(z) = / fz,y)dy. (1.10)
91(x)

Teopema 1.10. Ecau dynxuyua f(x,y) nenpepwena na obracmu

D={(z,y):a<z<b, qi(z) <y < g(x)},

1 OGBIYHO TOBOPAT, 9T0 F'(x) — HHTErpas, 3aBUCAIINI OT HapaMeTpa .
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a dynryuu gi1(x) u go(x) nenpepwenv, na [a,b], mo gynryua F(x), onpedens-
emas pasencmeom (1.10), nenpepwviena na [a, b].

Hoka3zaresibecTBo. Pacemorpum cravana caydaii ¢gi(x) < go(x) npum Beex
r € [a,b]. Bosbmem 9:0 € [a,b]. Tak kak g1(xg) < ga(xp), TO Haiigercs: Takasi
okpectHOCTh K5(T)) {x € [a,b]: g —0 < x < o+ 6}, qTO JIJI BCEX
r € Ks(xy) cupaseuBo nepasencrBo gi(z) < A < go(x) npu HEKOTOPOM
A € R; B kauectse unciaa A MOXKHO B3aTb, Hampumep, |gi(zo) + go(xo)]/2.
Torya ipu x € Ks(xp)

A g2(x)
F(z) = / f (@, y)dy + / f@,y)dy = Fy(x) — Fi(z),
g1(z) A
91(x) 92(x)
rie Fi(x) = [ f(z,y)dy, Fo(x)= [ f(z,y)dy. Jokaxem HenpepbIBHOCTE
A A

B ToukKe xo byukiyn Fy(x), nasa Fi(x) nokaszarenncrBo anajornano. [To ompe-
nenennto Gyuknuu Fo(z)
()

g2(x g2(z0)
/ flz,y)dy;  Fh(xg) = / f(zo,y)dy.
A A

[Ipenonoxkum, 4ro go(x) > go(xp); cayuail, korya go(x) < go(xp), paccmar-
puBaercsa anajgorndno. Torma

ga(0) go(x)
R = [ fevd+ [ s
A g2(z0)
I/I, SHa,LH/IT,
() g2(zo)
Fy(z) — Fy(o) /fxydy+ / [f(@,y) = f(zo,y)]dy.  (1.11)
g2(zo) A

Tak xax f(x,y) orpanndena na D, 1. e. |f(z,y)| < My, 10 nist nepsoro nure-
rpaJa, Bxojgiero B (1.11), mosyamm:

92()

/ [z, y)dy | < My(g2(z) — go(0)) JH—J;)O

g2 (950)

B CHJIy HEMPEPBIBHOCTH B TOUKE Xo QYHKIUH o(T).
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Pacemorpum Bropoit uarerpas, sxomgmuit B (1.11). Ormerum, ato pac-
CTOSTHUE MeXIy ToukaMu (Zo,y) u (x,y) He mpeBocxomut O. Bosbmem € > 0 u
OyneM cauTaTh, 9To O > () BEIOPAHO CTOJIb MAJIBIM, UTO

‘f(:c,y) - f(xo,y)‘ < €.

DTO BO3MOXKHO B CUJIY HerpepbiBHOCTH (hyHKIWU f (2, y) Ha obsactu D, npudem
O MOYKHO B3siTh HE 3aBUCSIIMM OT ¥, TaK KaK HEMpepbIBHAsS Ha 3aMKHYTOI
obnactu D dbyukrmus f(x,y) paBaoMepHo HempepbiBHa Ha D. Cunrasi, 9o &
BBIOPAHO yKa3aHHBIM 00pa3oM, nosyaum npu x € Kg(xp)

g2(zo)

/’Uuwwwmmwwygdmuw—Mst@+mm (1.12)
A

rie My, = sup g¢o(z). U3 nepasencrsa (1.12) caenyer:
x€la,b]

ga(o)

hm‘/[ﬂ%w—f@mwwyza

r—T0
A

T. €. HEMPEPLIBHOCTh B X( BTOpOro cjaraemoro mpapoit wactu (1.11). Takuwm
obpasom, Fy(x) HempepbiBHA B Xy KaK CyMMa JIBYX HENPEepPbIBHBIX (DyHKIHIL.
Torma u F'(x) HempepbiBaa B (. UTak, Teopema JoKa3aHa JJIs CIydasi, KOTJIa
g1(x) < go(x) npu Beex x € [a,b]. Ecin xe g1(xg) = go(x) npu HEKOTOPOM
xy € [a,b], TO M TOKA3ATENBLCTBA TEOPEMbI TPEOYIOTCST JOMOJTHATETbHBIE PAC-
CY>KJIEHUsT; UX MOXKHO HaiiTu, Hanpumep, B [1]. W
Teopema 1.10 obecrieunBaeT CyIiecTBOBaHUE OIIPEICJIEHHONO HHTErpaJIa,
b

/ F(x)dz

a
B CJIydae HelpepbIBHBIX DYHKIWH f, g1 U gs.
Omnpenenenne 1.2. Ecau gynryua F(x) unmeepupyema na |a,b], mo
b b g2(x)
/F(w)d:c: /dx f(z,y)dy
a a  gi()

nasvieaemea nosmoproim urnmezpaiom gywkyuu f(x,y) no obaacmu D =
={(z,y):a <2z <b, gi(z) <y < go(x)} C R npu omom cnavana f(x,y)
UNMEZPUPYEMCHA N0 NEPEMENHOT Y, G 3AMEM NOAYUYEHHAA PYNKYUL UHMEZPU-
pyemes no x. B amom onpedesenuu (x,y) — dexapmosnt koopdunamvl, ¢ R,
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Ecmu obmacts D npasuibia orHocuTennpno ocun Oy, T. €. JIeKapTOBLI KO-
opjuHarhl (T, 1Y) ee ToueK yjoBjaeTBopstorT coorHomenusim ¢ < y < d, hi(y) <
< 2 < hy(y), TO aHAJIOrMYHO MOXKET ObITH OILPEJIeJIeH TOBTOPHbIA MHTEIPaJI

d ha(y)
/dy / f(z,y)dx,
¢ hi(y)

B KOTOpOM f(x,y) cHaYaa WHTETPUPYETCs 110 T, & 3aTeM — IO .
J11s1 TOBTOPHOIO MHTErpaJia, CIpaBeI/InBa TEOPEMa, O CPEHEM.

Teopema 1.11. Ecau f(x,y) nenpepuena na D, mo cywecmeyem makan
mouxa P*(z*,y*) € D, umo
d 92()
[z [ty = s )50,
¢ g91(z)

ede S(D) — naowadv obaacmu D.

Hoka3arenbcTBo. HemnpepoiBhast Ha D dyuknus f(x,y) orpanudena;

obosnauumm = inf f(z,y); M= sup f(z,y). Torna m< f(x,y) <M ps
(z,y)eD (x,y)eD

Beex (z,y) € D. Tlosromy

g2(x) g2(z) g2(z)

/mdyé /f(:r,y)dyé /Mdy

g1(z) 91(z) 91(z)

W, 3HAYUT,

92()
mgs(z) — gi(x)] < [ fla,y)dy < M|gs(x) — gi(x)].
g1(z)

Tak Kax Jijisi HenpepbIBHON (DYHKIMK f CYIECTBYeT MOBTOPHBIH MHTErpaJ, TO
9T0 HEPABEHCTBO MOXKHO MPOMHTEIPUPOBATH 10 OTpe3Ky [a,b]. B pesyibrare
MOJTY YA M:

b g2(x)

b b
m [ o) - @] do< [do [ )y < [ g - o@] o
a a aq1(x) a
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b
wmn, tak kax S(D) = [ [ga(z) — g1(x)]dz, nepaBencrso

] b g2(x)
< —— < M.
m < S(D)/dw‘ / f(z,y)dy <
a 91(z)

[To reopeme Beitepiirpacca, st neupepbiBuoit dbyukuuu f(x,y) cyuecrsyor
Takue r¥, y*, 9TO

b g2(x)
f(x*,y*):ﬁ / I / F.y) dy.
a g1(x)

DTO PaBEeHCTBO PABHOCHJILHO yTBEPIKIEHUIO TeopeMbl. [l

1.4. BprumcjeHue ABOMHOrO MHTETPAJIA
B JIEKAPTOBBIX KOOPANWHATAX

[Tycrs nosioxkenne Toukn P Ha MJIOCKOCTH OMUCHIBACTCS JIEKAPTOBBIMU KO-
opauraTaMu (x,y), a 0bjgacTb D ABJsIeTcs TPaBUILHON OTHOCHTETHHO ocu O.
[Tycrs na D 3ajana nvenpepbisaasi yukiust f(P), P € D. Jlpyrumu ciioBa-
MU, Ha [ ompejiesieHa HenpepbiBHas (DYHKIMsA JIBYX IE€PEMEHHBIX f (P(x, y)),
KOTOPYIO JiJisi COKpallieHust 3anucu Oyjem obosnadars f(x,y). B srom ciyuae
JBoiiHOoM mHTerpaJ GyHkmuu f mo D cymecTByeT u MOKeT ObIThb BBITHCJICH C
[IOMOIIHIO TIOBTOPHOI'O MHTEI'PAJIa.

Teopema 1.12. Fcau (x,y) — dexapmosu, koopdunamo, D = {(x,y):
a <z <b gilr) <y < gg(a:)} — npasuavras omuocumenvno ocu Ox 06-
aacmy, gynkyua f(P) nenpepwena na D, a ¢dynruyuu g1(x) v go(x) nenpe-
puerol Ha [a,b], mo

g2(x)

//f(P)dS/bda: / o y)dy. (1.13)

(z)

Joka3zaTreabcTBO. [locTponm cHavasia HeKoTopoe paszbuenue objactu D
orpeskaMi, napasieababiMu ocsiMm Ox u Oy, paHr KOTOPOro MOXKeT ObITh CJie-
JTaH TPOM3BONBLHO MasbiM. Bosbmem € > 0. Tak xak dynkiun gi(z) n go(x)
HEIPEPbIBHBbI Ha [a,b], TO OHU U PABHOMEPHO HENPEPBLIBHbI HA TOM OTPE3-
Ke. DTO O3HaudaeT, 4To jyid Jwboro € > (0 cymecrByer Ttakoe 6; > 0, 4TO
lg1(2") — g1 ("] < € puist m06bIX Takux &’ u x” uz orpeska [a, b], uro |’ —2"| <
< 01, W CYIIECTBYET AHAJIOTHIHOE IUCT0 Oy > 0 i dbyuknuu go(x). Bosbmem
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d = min{dy, 05} u pazobbem orpes3ok |a, b] Toukamu x;, i = 0,1,...,n, r9 = a,
Ty, = b, HA N paBHBIX YacTeil Tak, 9TOOBI JIJIMHA KarKJI0# U3 HUX OblIa MEHbIIe
d (puc. 1.2). Ormernm, ato eciu go(x) Z const, 1o & — 0 pu € — 0 u, cieno-
BaTesibHO, b — 00. Ec ke go(x) = const, 10 & MoXKeT ObITh JIIOOBIM; B 9TOM
ciaydae OyeM BLIOMpATh 1 TAKUM, YTOOBI BBIIOJHSIIOCH YCJIOBHE: 1. — OO MPU
¢ — 0. dcuo, aro

X

b g2(x) n g2(x)
[io [ tewi=3" [ [ rea (1.14)
o gi() =1 ne

i—1

PaccMoTprM KaKJIblil 13 MOBTOPHBIX MHTEIPAJIOB, BXOJSAIIMX B CyMMY.
[Iycts womep i dbukcuposan. COOTBETCTBYOMUHA €My TOBTOPHBI WHTErpast
SIBJISIETCST MHTErPAJIOM 110 TIPaBUJIbHOI oTHOCHTELHO ocn Ox obiactu D; =
= {(z,y): zi1 < 2 <y, gi(z) <y < go(x)} (ma puc. 1.2 obmacrs D;
3aIlITPUXOBAHA).

Y
Y  v=e)
f oo
Mi —E&Er-—"--"—-"—-"=—-"—-—-=
|
|
| | |
| | | |
| | | |
miteb—-——l____2 | |
ol I T . - y=a() |
| | | |
19) To T1 Ti—1 i Tn—1 Tn T
Puc. 1.2
[lycrs m; = inf  gi(x); M; = sup g¢o(x). Paccmorpum ropuson-
.7;6[.7;1‘,1,1‘1‘] xe[xi_l,xi]

TaJabHbIe TIpAMbIe ¥y = M; — ¢ w y = m; + €. [Ipeanonoxum cHagamia, 4To
BBLINOJHEHO HepaBeHcTBO m; + € < M; — €. Toryma obe paccMaTpuBaeMble TIpsi-
Mble Tiepecekaior obsacth D;. Oboznatdnm DY npsiMOyTroibHIK {(x, y): xiq <
<z <z, m+e<y< M- 5}. DTOT NMPSIMOYTOJILHUK HE MEePeceKaeTcsi
¢ kpuBbiMH Yy = ¢o(x) u y = ¢1(x) B cuny BbiOOpa umcna . [eiicTBuresnb-
HO, ecsin Obl DY miepecekaJicst, HApUMEp, ¢ KpUBOi Yy = go(x), TO HA OTPe3Ke
[;_1, z;], mwHA KOTOpOrO MeHbIe d, Hamumch Obl JBe Takue Touku x', x|
aro |go(x”) — go(a’ )’ > ¢, uyTo nporusopeunt BoIGOpy O. Takmm obpasom, B
paccMaTpuBaeMom ciydae ; = D U DY U D e

D; {(3779)3 i <w <z gi(r) <y<m;— 8};

i =
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Df ={(z,y): w1 <z <wi My—e<y<glx)}

7

Pazobbem Tenepb npAMOYToabHUK D7 TOPH30HTAIBHBIMU OTPE3KaMU Mpsi-
Mbix Yy =y;, J =0,1,...,n, yo = m; + €, y, = M; — € na n paBHbIX 1IPSMO-

YTOJIBHUKOB, KOTOpbIe 0bo3naunm D7y, j = 1,2,...,n. Torna

D;=D; UD3UD;U...UD; UD;. (1.15)

Ormernm, aro Bee obacTh, BXOJsIINe B pasiokenue (1.15), npaBuibHbI
orHocuTenbHO ocu O, U IUaMeTP KaxK0i 13 HUX OYJIeT CKOJIb YTOIHO MaJIbIM
[IPU COOTBETCTBYIOIIEM BbIOODE €.

Ecnu e BblmosiHeHO HepaBeHCTBO My, + € > M, — e, 1. e. M; < m; + 2¢,
TO cama 00s1acTh D; COIEPKUTCSA B NPAMOYTIOJLHUKE CO CTOPOHAMU X; — X;_1 U
2¢ u npu € — 0 ee guaMerp MMeeT HyJeBOi Ipeje. B aToM ciiyuae HUKAKOro
pasbuenusi D; jenarh He OyIeM.

B coorserctun ¢ pazbuenuem (1.15) mosyauM paBeHCTBO

g2(z) m;+e n Y ga()
/f(w,y)dyz / fla,y)dy +> /f($,y)dy+ / f(z,y)dy.
g1() g1() j=1 Yj—1 M;—¢
[Toaromy
Z; ga(7) T; m;+e€
/dw/f(fv,y)dyz /dw / [z, y)dy +
Li-1 91(x) Ti—1 g1(x)
n T; Y T; ga()
+y° /dfc/f(x,y)dy +/dw / f(z,y)dy.
=1 Ti—1 Yj—1 Ti—1 M;—¢

[IpuMmensasa Tenepb TeopeMy O cpefHeM K KaXKJI0MY M3 MOBTOPHBIX WHTET'PAJIOB,
BXOJIATINX B MPABYIO YaCTh 9TOTO PABEHCTBA, MOJYIUM:

T; 92(33) n
/ I / Flom)dy = F(PAST + 3 F(P)ASS + F(PFASH,  (1.16)
riei gi(x) i=t
rme P, € Dy, P" € D, P € Dj;. AS; = S(D;), AS[ = S(Df"), AS;; =
= S(ij).

B cinygae m; + € > M; — € TeopeMy O cpeHeM NPHUMEHHM IIPOCTO K
[OBTOPHOMY MHTErpaJy 1o ;.

Omnucannoe MOCTpOEHUE MpOBeaeM JJIsi Kaxkjoii u3 objacreit D;. B pe-
3yJibTare MOJayduM pasOuenne obaacTu [) Ha NpaBUIbHBIE OTHOCUTEIBHO OCH
Ox obnacTu, guaMeTpbl KOTOPBIX CKOJIb YI'OJIHO MAJIbI IIPH JIOCTATOYHO MaJIOM
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¢ > 0. Oboznaunm N YUCIO MOJYUYEHHLIX YaCTUIHBIX 00JIacTell, a caMu ITH
obsactu Jjlasiee Oyjiem obosnadarh' wy, k = 1,2,..., N. Pasencrsa (1.14) u
(1.16) Terepb MPUBOJAT K COOTHOIIEHUIO

b 92(x) N
[ie [ fdy =3 rP)sw, (1.17)
k=1
a 91()
rie Awg = S(wg), a P, — ma Touka, KOTOpasi COOTBETCTBYET OOJACTH W

corsacHo pasencTsy (1.16).

[Ipasasi wacrb pasencrBa (1.17) siBiasiercsi WHTErpajbHOR CYMMON JiIst
dbyuxmun f(P), obnactu D, pasouenus {wi} u touek Pg. fcno, uro panr
Ae pasouennst {wy} 3aBucut or € u A, — 0 npu ¢ — 0. Tak kak yHaKIws
f(P) unrerpupyema mo D, T0

N
g%;;meAwk=/]mew,
= D

W TaK Kak JieBas 9acTh papeHcrsa (1.17) He 3aBucut or €, 1o, nepexojs B (1.17)
K mpejesy npu € — 0, mosyuaum tpebyemoe pasencrso (1.13). W

Pagencrso (1.13) no3posisier BHIYUCIATE JBOWHON MHTErpaJl Jijist Caydast,
KOI'JIa MCIIOJIB3YIOTCS JIEKAPTOBLI KOOPJMHATHI ¥ 00J1aCTh [) IpaBUibHA OTHO-
curesibHo ocu Ox.

st npaBuiibHO# oTHOCUTEILHO ocu Oy obJsiactu D u HelpepbIBHOI Ha, [
byukiun f(P) aHaJOrHYHO JIOKa3bIBAETCS PABEHCTBO

// f(P)dS = /ddy 7y)f(x,y)dx. (1.18)
D hi(y)

C

Ecin D npasusibha ojiHOBpeMeHHO oTHocuTesibHO oceit Oz u Oy, 1o u3 (1.13)
u (1.18) cremyer cooTHOIIEHTE

b g2(x) d ha(y)
[ix [ swiy=[ay [ o (1.19)
a g1(z) ¢ hi(y)

nutst HenpepbiBaOit dyukiun f(x,y). PaBerncrso (1.19) o3uadaer, aro npu cdop-
MYJIMPOBAHHBIX YCJIOBUSX B IOBTOPHOM MHTEIPAJIC MOXKHO MEHATH [1OPSII0K MH-
TerpuUpOBAHUS.

1 Pasymeercsi, Kaxkjiasg 06JI1acTh Wy, COBIAJIAET C OJHONW M3 MOCTPOEHHBIX YACTHYHBIX 06-
e]

ij»
crpouth pasduenue (1.15).

nacreit Dy, DS, D wiu, moxer GuiTh, ¢ 001acTbio D;, eciu Jjid Hee He NOTPeGOBaIoCH
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Ecan xke obnacts D He sIBIsieTCsI IPaBUJILHONR HU OTHOCHTENbHO ocu O,
HU OTHOCUTEIBHO ocu Oy, TO BBIYUCIICHKE JIBORHOIO MHTErPaJia HEIOCPEICTBEH-
HO 110 TeopeMe 1.12 HeBo3MOxKHO. OOBIYHO, OJIHAKO, yAaeTcs pa3duTh 00JIacTh
D Ha KOHEYHOE 4HMCJIO HPaBUJIbHBIX 00J1aCTEel, 1ePECeKAOIUXCs MEXK/1y cODOil
pasBe JIKIIb 110 cBOMM IpanunaM. [locje Takoro pa3buenus JBOWHON HHTErpaJI
BBIUUCJISIETCS Ha, OCHOBE CBOMCTBa aJIATUBHOCTU C NPUMEHEHHEM PaBEHCTBA
(1.13) mum (1.18) K KaK/10if U3 TOJIYIEHHBIX TPABUIBHBIX 00sIACTeil.

Bameuanue 1.2. B jexkaprobix koopaunarax oobrano [[ f(P)dS obo-
D

suadaercs cumposioM [ [ f(z,y)dzdy. e
D

1.5. T'eomerpudeckasi MHTepOpeTAaNusa ABOITHOTO
nHTEerpaJia. Beraucienne odobema

I[Tycrb B R? BBesiena jekaprosa cucrema koopunar OTyz u 3aJlaHbl Orpa-
HUYEeHHas 3aMKHyTas obsactb D B miockoctu Oxy u HenpepbiBHaS (DyHKITUS
f(P), onpesnenennasi na D. Tpeguonoxum, uro f(P) > 0 upu P € D. Muo-
YKECTBO TOUEK, JEKAPTOBBI KOOPMHATHI KOTOPBIX YIOBJICTBOPSIOT YPABHEHUIO!
z = f(z,y), (x,y) € D, saBaserca nosepxnocroio B R® — rpadgukom dyHnximun
f.

Paccmorpum TpexmMepHyto IuHApuIeckyio obnacrs (puc. 1.3)

Q= {(x,y,2): (1,y) €D, 0< 2 < f(z,9)},

~ L.
Puc. 1.3
KOTOpasi OrpaHnveHa ,,CHu3y “ mI0CcKocThio Oy, ,,CBepxy " — IMOBEPXHOCTHIO 2 =
= f(z,y) u O0KY" — HUJIMHIPUIECKOIT IOBEPXHOCTHIO ¢ 0Opasyolei, napaJi-
nenpnoit Oz, ¥ HAIIPABJIAIONIE, KOTOpasi COBIAJAET ¢ rpanureil obaactu D.

1 Kak u panbme, f(z,y) = f(P(z,y)).
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Bynem cunrars, 9To juist objacTeil yKasanHoro BUJIA OIIPEJIEJICHO OHITHE
obbeMa.
Pacemorpum nipoussosibroe pasbuenue {D;}, i = 1,2, ..., n, obsmacru D c¢

panrom A. BoiGepem touku P u P rak, uro

-\ _ . ) —
f(P7) = inf f(P); [(P")=sup f(P).
PeD; PeD;

D10 BO3MOXKHO, Tak Kak dyHkiwms f(P) HempepbiBHA 1, 1m0 Teopeme Beiiep-
HITpacca, JIOCTUraeT B Kaxk l0fl yacTudHoit obJiactu D; cBOMX HAMMEHbIIEro U
HaKOOJILIIEr0 3HAUCHMIA.

Paszbuenue {D;} nopoxjaer pasbuenue {€2;} obsacru € Ha coorsercrBy-
IOIUe TUJINHIPHIECKIEe 00JIaCTH:

Q, = {(x,y,z): (x,y) € D;, 0 <2< f(x,y)}

Pacemorpum mmuannp € = {(z,y,2): (z,y) € D;, 0 < z < f(P;)} BbIcOTOI
f(P7). Ero oobem V(Q27) = f(P)AS;, rne AS; — mnomas obnacru D, sis-
JISTIOTIEHCST OCHOBAHMEM 3TOTO IUINHAPA. S1CHO, ITO MUAnHAp 2 COMEPKUTCS
B obsactu §2;, nosromy V(€2.7) < V(€;). Ucnonbsyst ¢BORCTBO aJinTHBHOCTH
obbeMa, TTOJTyIUM:

V(Q) = Z V() > Z V(Q7) = Z f(PT)AS,. (1.20)

Anagornuno pacemorpum nwmnap Q5 = {(z,y,2): (z,y) € D,
0 <z < f(Ph)}, conepammit €; u umerommii o6vem V(QF) = f(P)AS,.
[Tomyanm HepaBencTBO

V(@) =D V() <Y V) = f(RAS: (1.21)

13 nepasencrs (1.20) u (1.21) caepyer, uro s V() cupaBeyiuBbl cOOTHO-
ICHUSI:

> F(PAS < V() £ 30 F(POAS. (122)

Ob6e cyMMBbl, BXOJIAIINAE B 9TO COOTHOIICHHUE, SIBJIAIOTCSI NHTErPAJbHLIMU CyMMa-
MU, oTBeuaonumu pasouenuto {D;} u ykasannomy sbibopy Touek P ou P
Tak kak f(P) unrerpupyema 1o D, 1o mpu A — 0 3TH CyMMbI UMEIOT B KaIeCTBe

npegena uarerpan [[ f(P)dS. Iosromy u3 (1.22) ciepyer pasencrso
D

V(Q) = / / F(P)dS, (1.23)
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O3BOJIAIOIIEE BBIYUC/IATH 00beM yKazaHHO# obsactn 2.

3ameuwanue 1.3. Yacro paserctso (1.23) IpuHAMAIOT B KAYECTBE OIMpe-
nesiernst obbema V() obsmactu . [lpu srom paccyskjenusi, MpUBOJSAIITE K
(1.23), gBASIIOTCST MOTHBUPOBKO# TAKOTO OTIPEJICJICHHS. ®

1.6. Kpusosauneiitnpie koopauHaTel B R2

[ onucanus reoMeTpUIecKOro MOJIOYKEHWsT TOYKHU Ha, IJIOCKOCTU Jalle
BCEI'O MCIOJIB3YIOTCS OOBIMHBIE JIEKAPTOBBI KOOPAMHATHI. OIHAKO NpUMEHeHne
JIUITH JIEKAPTOBBIX KOOPJMHAT HE sIBJIAETCs 00sA3aTeIbHbIM; H0JIee TOro, BO MHO-
I'MX 3aJ@9ax 3TO Jlaxke Heresecoodbpasno. [losroMy BaXKHO M3yUnTh W JAPyrHe
BO3MOYKHBIE CUCTEMbI KOOD/INHAT.

Bynem cunrtarh, uto B R? Hapsy ¢ JekapToBoii cucremoii Koopanaar Oy
BBEJICHA TAKXKE U HEKOTOPAast JPyrasi CHCTeMa KOOPAUHAT (CucreMa KpUBOJIHHE -
HBIX KOODJMHAT), B KOTOPOH MOJIOXKeHKe TouKK P 3a1aercst mapoii BerecTBeH-
HbIX auces (&,1), saBastomuxcs Koopauaatamu P B 9roit cucreme. Hampuwmep,
B KadecTBe mnapbl (&, 1) MOXKHO paccMaTpuBaTh napy (P, @) MOJSAPHBIX KOOD/IH-
HaT Toukn P. Tak Kak KaxKjoil Touke P B3aMMHO-OJTHO3HAYHO COOTBETCTBYET
napa ee JIeKapToOBbIX KOOpMHAT (X, ), a Takxke napa koopuuar (&,1), To 1o
KaK oMy Habopy KoopauHaT (&, 1)) OJHO3HATHO HAXOAATCs dncyaa z u y. Haobo-
poT, 110 KaxKIOMy HAabOPy KOOPJAUHAT (I, Y) OJIHO3BHATHO BBIYUCIISIIOTCS duca &
u 1. Ipyrumu cioBaMu, 9TO 03HAYAET, YTO

v =x(&m);

y =y(&m) (1:24)

1 9Ta CHCTEMa YpaBHEHUI OJTHOZHAYHO pas3pelinMa OTHOCUTENBHO &, 1] TIPH JIIO-
Obix 3HavyeHusix r u y. Ilo Teopeme 006 obparTHOil (DyHKIMU, JJOCTATOUHBIMU
YCJIOBUSIME OJTHO3HATHON Pa3peruMOCTH CHCTeMBbI (1.24) sBJISIIOTCST HEMPEepPhbIB-

was jauddepennupyemocrs byukiuit ©(&,m), y(&,n) u yeaosue J # 0, tiae J
— sikobuan mpeobpaszosanus (1.24), 1. e.

Oxr Ox
9& on
dy Oy
|08 On

Byjem npejonararh 9T yCJIOBHs BBIIOJHEHHBIMU. SalUIIEM PeIieHre
cucrembl (1.24) B Buje:

J = det

n=n(z,y). (1.25)
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Cucrema (1.25), ecrecTBenHHo, Takyke OJHO3HAYHO paspeniumal OTHOCH-
TEJBHO T, Y, TaK KaK JIJIs Hee

ot o
r_ or Oy| _ -1
oxr Oy

ITycrs &y — Hekoropoe pukcupoBantoe 3nHadenue koopjuHarbl &. Torja
ypasHenue &(x,y) = & onpejiesisier MHOXKECTBO TOUEK IIJIOCKOCTH, UMEIOTIHX B
KA4eCcTBe KOOPJMHATHI & BeJUUInHYy &). DTO MHOXKECTBO B CJlydae BCeX OObIYHO
NCIOJIb3YyEeMbIX CUCTEM KOODJIMHAT SBJI€TCs HEKOTOPOI JIMHUEH Ha TJIOCKOCTH.
DTy JMHUIO OyJIeM Ha3bIBATH KOOP/MHATHON JIMHKEH 1], COOTBETCTBYIOIIEH 3Ha-
qennto &y. AnasorudHo, ypasHenue M(z,y) = T ONPEIEIAeT KOOPAUHATHYIO
Jaunuio &, coorsercrByioliyo Tg. B kaxjoit touke P(&p,Mg) oupejesen Ka-
caTeJbHbI BEeKTOp Tg K KoopauHarTHOW JuHuu &. Tak Kak mapaMerpudeckue
ypaBHEHUs STON JIMHUU UMEIOT BU /L

7= [2(&m0), y(&,m0)] ",

9x(&,M0) 9y(&o,Mo)

rJie poJib apamerpa urpaer &, to Tg = [ 9E T oF . ITockosbky
— — 1
J # 0, 1o ||Te|| # 0 u oupejpesnen BekTop € = A HTE, HA3bIBAEMDbIH KO-
OpJIMHATHLIM OpTOM KoopauHaThl &. IIpu srom HQEH = 1. Anajoruano ompe-
0x(E9,m0) Ay(E0mo)]’ |, = - L
JIeJIEHBL BEKTOPBL Ty = { om0 on # 0u e = ”TTH. s
T

yeaosus J # 0 ciieyer, 9T0 BEeKTOPBI
€: U €, JIMHeNHO He3aBucuMbl. Takum
obpazom, B Karkjioif Touke P ompeje-
Jter Gasuc {€x, €}, coorBercTByONIMii
kooppuuatam (&,m). Ormerwm, 910
9TOT 6A3MC 3aBUCUT OT TOUKM P.

EcrecrBennast reomeTpuIec-
Kasg KapTUHa KOOPJUHATHBIX JIUHUN
npejicTaBiena  Ha puc. 1.4, 1€ Puc. 1.4

20 = (&0, Mo), Yo = Y(&o,Mo)-
Paccmorpum 4 rouku Py, Py, P3, Py, umeroniiyie KpuBOJMHENRHbDIE KOOD/IMHA-

o1 (£0,M0), (&0 + A&, M0), (&0,M0+An) u (& + A&, 1 + An) cooTBeTCTBEHHO
(puc. 1.5).

1 1 ee pertienne, KoHETHO, 3aaercs dopmyaamu (1.24).
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P3(E,Oun0+An) P4(£O+A£7ﬂ0+Aﬂ)

P1(&,M0)
7 Py(& + A&, o)
O T
Puc. 1.5

Toukn P, n P, orpanndmBaloT 9acTh KOOPJAUHATHON JTUHUU 1] = 1), TOUKH
Py v Py — munun & = &, roukn Py u Py — nunvn & = &g+ A& n roukn Py u Py
— 9aCTh JUHUA 1] = T + AN. DTH 9acTH KOOPIUHATHLIX JIMHIA 00pa3yioT Ha
IIJIOCKOCTU (PUTYPY, KOTOPYIO €CTECTBEHHO Ha3BaTh KPUBOJMHEHHBIM MapaJiie-
JorpamMmMoM. Haiigem BblpakeHusd JJId JJINH ,CTOPOH™ 9TOr0 KPUBOJUHEHHOTO
napaJLaeorpaMMa 1 ero IJIoaiu.

Paccmorpum ,cropony” Py P,. Ee napamMeTpuiecKuMU ypaBHEHUSME SIBJIS-
I0TCS:

Tr = x(‘ianO)a
€ [&0, &g + AE].
{y = y(&:n())a E [E’O EO E]

[To opmyiie jjist BEIMUCIEHUST JUIMHDBL JyTH TTOJyauM Jynny | Py Ps| ,cropoms

P1P22
|P1P| = / \/ E) d&.

[Ipumensisi K 110y YEHHOMY OIIPEJIC/IEHHOMY I/IHTeraﬂy TEeopeMy O CpeJHEM |
ox

36311

o\ Jy 2
PP = — — AE =

— [(ax(g}:ﬂo)f + (821(2(2110))2

1/2
Bnech &F € (&, & + AE] — HekoTopast cpesasist ToUKa. Beipaxkenue

AE + o(AE).
m= () (@)
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Ha3biBaeTcs KodddunuenTom Jlame Koopaunare! &. Takum obpazom,

|P1Ps| = He(&,Mm0)AE + o(AE).

AHaJIOrMYIHO BbIUYKMCISACTC JUIMHA, ,,cTOPOHbI Py Py:

| P P3| = Hy(&0,M0) AN + o(An),
,71/2

A )
rne Hy, = (%) + (%) — ko dunuent Jlame koopauHaThl 1. Tak

2Ke HOﬂyanOTCH nu paBeHCTBa:
|PyPy| = Hy(& + AE,1p) AN + o(An);
| P3Py = He(&0,m0 + An)AE + o(AE).

Haxoxnenune mmomaaun S Kpupoauneirnoro mnapasaenorpammval; PPy P
TpebyeT CJIOXKHBIX BhIuncaeHunit. KcrecrBeHHo 0Ku1aTh, 9TO MJI0MIAIb 3TOH (u-
rypol pu Masibix A& n An 6yger Majgo OTIuIaAThCsT OT IO S OOBITHOTO

napaJiaesorpaMMa, IIOCTPOeHHOro Ha BeKTopax PPy u P P3. /leiicTBuTe bHO,
MOKHO JIOKa3aTh', 4To Ipu MaJibix 3HadeHusx A& u An clupaseyinBo cOOTHO-
IeHne

Sipus = |14 0(1)] 5, (1.26)

npuveM BeJIMYUHA O HE 3aBUCUT OT IIOJIO’KEHUs] TOYKM P} BHYTPH 3ajaHHON
orpanndennoii obmactu. Coornomenue (1.26) MoXkKeT OBITH 3alUCAHO TAKXKE B
BUJIE

Sepm = S + 0(AEAN). (1.27)

Taxum 0Opa3oM, I BBIYUCIECHUA OSypuy JOCTATOUHO HafiT 3HaueHue S.
D10 crenarh OTHOCHTEIbHO mpocto. Obo3HatTUM (T, Yo) JEKAPTOBBI KOODIU-
Harbl Touku Pp, roryia xg = z(&,Mo), Yo = y(&o,Mo). Ilycrs jekaprosbimu

KOODJIMHATAMU TOUKH Py SBISIIOTCA To U Yo, 3HAUUT, To = (& + A&, Mo),
Y2 = y(&o + AE,no). Ucnonbsyst reopemy Teitsiopa, 1nojydum:
ox ) 0 )
Ty = 33(50,110)+%A5+0(A5); Yo = y(Eo,ﬂo)ﬂLy(g—OﬁA@rO(Aé)-
CuietoBaTesbHoO,
—  [ay — 1y dx(&,m0) Oy(&o,mo)]" o
PP, = = A AE).
1% [y2 _90] [ 9e D% &+ o(Af)
Anajornuno,

on  On

1 Jloka3aTeIbCTBO He NMPUBOJANTCH, TaK KaK OHO JIOCTATOYHO I'POMO3IIKO.

T
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[Tpumensist Tenieps Gopmyny S = ||[d@, b]|| aas mmormaam mapasuiesorpam-
Ma, MOCTPOCHHOIO Ha BEKTOpax d U b, MOJydnM:

_— ——
S =[PP, PB3]|| =

) H [ (g‘SAE ' 0(A£)> (gzM i (AE)> g <%Aﬂ + O(An)> i +

+ (%An + 0(An)> j] H =
LTINT A
H (awn AN nag MEan O(A‘EA”O kH B
| 02(&0,m0) Iy(E0,m0)  9x(&0,M0) y(&o,Mo)
= 9E g o 9 |AE| |AN| + o(AEAN).

(1.28)
13 coornomennit (1.27) u (1.28) caeayer paBeHCTBO

S = |/ (&0,M0)| [AE] |An| + o(AEAN), (1.29)

rie J — axobman mpeobpasoBanus (1.24).

KpuBosinHeitHbie KOOpAWMHATHI 9acTO yJI00HO pacCMaTpPUBaTh U C WHOW TOY-
ki 3penns. PacemorpuMm e mnockoern I1 u I, Ha KOTOpBLIX BBEJEHBI JleKap-
ToBbl cucrembl Koopaunar Ozy u O'&n. Torna paserncrsa (1.24) onpejesnsitor
B3aMMHO-OJHO3HAYHOE COOTBETCTBHE MEXKY TOUYKaMU TJI0cKocTH II m HeKoTro-
PbIM MHOYKeCTBOM ToueK riockoctu 11, TIpu rakom coorsercrsum obaactu D B
mockoctu 11 orBewaer nekoropas obnacts D' B II'. Kpusonuneitnomy napadi-
nejjorpamMmmy Pj Po Py Py cOOTBETCTBYET TPSIMOYTOJTHHUK

PPPPy = {(§m): & < E< &+ AL, g <n<mo+An},

mona b Koroporo pasaa |AEAM|. Ilostomy pasernctBo (1.29) moxker ObITH
TaKKe 3alMCaHO B BUJIE

S(PLPyPyPs) = |J (£0,m0)|S(P{ P3P Py) + o AEAD).

Taxkum obpaszom, |J(&p,Mo)| MOkeT paccmaTpuBaThest Kak KO(hDMUITHEHT H3Me-
HEHUS TIIOMA pu otobpakennn (1.24).

BaskHbIM 9aCTHBIM CJIyYaeM KPUBOJMHEHHBIX KOODJIWHAT SBJIAIOTCH KPHU-
BOJIMHEIHBIE OPTOrOHAJILHBIE KOOpAMHATHL. KpuBOIMHEHHbIE KOODIUHATH Ha-
3BIBAIOTCS OPTOTOHAJILHBIMU, €CJIM B KaxXKJ0il Touke P KoopAMHATHLIA Gasuc
{€x, ey} ABmseTCa OpTOroHANBHBIM, T. €. €CJM TPU BCEX & M 1) BLITOJHAETCS
PaBEHCTBO

Oxr Ox 8y 8y
9 om e on
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B CJIyda€ OPTOI'OHaJIbHbBIX KOOPJAHNHAT

EROIOREIECIEE

_o0r 0r Oy dy _ <@>2 (@)2 _
d& on 0¢& on 0¢& on
Or Oxr Oy Oy 2
:H2H2_ il “Jd I :H2H2
&5 (85311_'_655”]) &M
Tak Kak crpase o paseHctBo (1.30). Takum obpasoM, JJist OPTOrOHATBHBIX
koopaunar |J| = HiHy n

Svpm = He Hy| AE| |AT| + o( AEAT). (1.31)

Pagenctso (1.31), Bupouem, ciieyer u u3 Toro (akra, 9To jjis OPTOrOHATbHBIX

KoOpiMHAT BeKTOpbl P Py n P P3 ,11ouTH OpTOroHaJIbHbBI .

[TpumepoM KpuBOMMHENHBIX KOOPJUHAT ABJSAIOTCS TMOJTIPHBIE KOOPTTHATEI
(p, @) Touek Ha TIOCKOCTH. Keu jekapToBa U MOJISIPHAsT CHCTEMbI KOO/ IMHAT
COTJIACOBAHBI JIPYT € APYTOM CTaHJAPTHBIM 00Pa30M, TO JEKAPTOBbI 1 MOJIAPHbBIE
KOOPJIMHATHI CBSA3aHbI PABEHCTBAMMU:

T = PCos @;
Yy = psin @.
Orciofia caeyer, 9To

ox o ox . oy . oy o
i @, — = —psin@, == =sin@, = = Q.
op " 0@ P " Op T 0@ P

Taxum obpaszom,

Or Ox 8y@_

o D9 ' p 9o

" IIOJIAPHBIEC KOOPJAMHATDI ABJIAIOTCA OPTOI'OHAJIbHBIMMU. ,HJIH HUuXx

0

Hy=1, Hy=9p, J=H,H,=0p.

OTMeTuM, 49TO B CJaydae TOJSAPHBIX KOOPJUHAT TIOJIOC SBJIAETCS 0CODOM
Toukoil. B 3Toit Touke J = (0. DT0 KQUECTBEHHO OTJIMYAET MOJISIPHBIE KOOP/IH-
HaTbhI OT JEKAPTOBBIX.
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1.7. BsbruucijeHue JBOMHOTO MHTerpaJia
B KPUBOJIMHEITHBIX KOOPIMHATAX

B 1.4 nonydena dopmysia jijiss BbIUUCJIEHUS JIBOWHOINO WHTErpaJjia B TOM
caydae, Korja obJlacTb U ee TOUKM ONMUCHIBAIOTCS JIEKAPTOBBIMEU KOODIMHATA-
mu. [lycrh Tereph Ha IMJIOCKOCTH BMECTE C JIEKAPTOBON CUCTEMOI KOOP/MHAT
Oxy 3aJlaHbl KPUBOJIMHEHHBIE KOOPAUHATHI (&,1)), CBSI3aHHBIE C JEKAPTOBBIMU
KOOPJIMHATAMU COOTHOIIEHUSAMU:

r = x(&,M); &=&(7,9);
y = y(&m); n =n(z,y).

PaccMOTpuM BOIIPOCG O BBIYUCICHUM JBOMHOTO MHTErPaJia B KOOPIMHATAX
(&,m). Ilycrs obaacts 11 onuckiBaercs vepasenctamu & < &(x,y) < B, v <
<n(z,y) <9, rie «, B, v, b — 3amannbie nocTosinabie. Boibepem Touku &; €
€ [, B], 7 =0,1,...,n, rak, uro &« = & < & < ... < &, = B u TouKM
n; €1v,8,7=0,1,....,m, tak, 94T0 Y =19 <M1 < ... < Ny, = J, 33/12101ITHE
pasbuenust oTpe3kos [«, B] u [y, 8] coorBercrBenno. Oboznaunm AE; = &,—&; 4
Y &(w,y) = &n u An; = mn; — nj-1. Toukam §&; coor-
BETCTBYIOT KOODJMHATHBIC JIUHAU & =
= &;, & TOUKAM 1]; — KOODJMHATHDBIE JIH-
aun 1 = 1);. COBOKYIIHOCTH 9THX KOOD-
JIMHATHBIX JMHUI onpejenser pasouenne
obsacru 1l na wacruunble obaacru 11;;,

é(x, y) = & KOOP/IMHATHI TOYEK KOTOPBIX YJ/IOBJIETBO-
pstfor HepaeHcTBaM &1 < &(x,y) <
X Puc. 16 v <& M <n(z,y) <y (puc. 1.6).

[Tycrs renepn na obsacru 11 3aiana kycouno-uenpepbiBHast byukiust f(P),
P € 1. Byznem no-npexuemy ncnoss3osars obosnatenue f(z,y) = f(P(z,y)).
Bribepewm B kax10it 13 vacruunbix odsacreit 1;; rouky P u 0603Haunm (&F, n;“)
ee KpUBOJTHHEfiHbIe KoOpAMHaThl. fcho, uto & € [&;-1, &, N} € Mj-1,my]. s
bynkuuu f(P), pasonenus {Il;;} u Touex P nisa unrerpasa \gf f(P)dS =

= [[ f(z,y)dx dy 3anumem unTerpasbHyio cymmy
D

n m
0= Y F(P)AS;,
i=1 j=1
rje ASU = S(HU)
HexaprosbiMu KoopauHaTaMu Touku P apnsiorea (z],y7), tae zf =
= 2(&,m7), yi = y(&;,m;). Cnenoparensho,
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Kaxxias u3 obsacrei I1;; — KpuBONIMHENRHbIN NapaJJleJJorpaMM, PacCMOT-
pennbtit B 1.6. Muist wiomaau AS;; = S(IL;;) upu A&, — 0, An; — 0 cupasej-
JINBO PaBEHCTBO

AS;j = ’J &i:Mj) ’AE,ZAT]](l—f— (1))

B KOTOPOM BesimauHy o(1) MOXKHO cauTaTh He 3aBuCAIedl or ¢ u j. Bygem cuau-
tarb J(&, 1) HEMPePbIBHOI, a 3HAYUT, 1 PaBHOMEPHO HenpepbiBHO# Ha [T dyHK-
nueit. Hosromy J(&;,1;) = J(&;,1%) (1 + o(1)), rae o(1) e 3aBucut or i u j.
CuretoBaTesbHO,

ASy = |J(E M) |AE AN, (1 + o(1)). (1.33)
13 pasencrs (1.32) u (1.33) /uist MHTErpAIbHOI CyMMBI O CJIeJlyeT COOTHOTIIEHNE
o=0'(1+0(1)), (1.34)

rae o 212f( z(&,M3), (& ,m; )‘J Z,n?)}AiiAnj. Ecnu paccmorpern
i=1]

IJIOCKOCTE € JIeKapToBbIMU KoopauuartaMu O'&n, To cymMMma 0 aBisieTcst MHTe-
rpautbHOi cymmoit 1zt obmactu I = {(E,m): o < E < B, ¥y <1 < 8} nasroii
IJI0CKOCTU U (pyHKIUKU [ (:L‘(E,n), y(é,n)) |J (E,n)‘, COOTBETCTBYIONICH pasone-
HUIO 9TOi 00JIaCTH NPSIMBIME, NAapaJIeILHBIMU KoopauHaTHbiM ocssm O'E u O'n.
[Ipn AE; — 0 n An; — 0 sTa MATErpasibHasg CyMMa UMeeT TPeJesioM

/ / F (&), y(Em) | 7(Em)|d.dn.

OrmeTum, 9TO JJIsT STOTO MHTErpaJia, NCIOoJIh30BaHO 0003HAUEHNE, TTOIIePKBa-
forree, ITo & ¥ 1) Ternepb UrPAIT POJIb JEKAPTOBBIX KOODIMHAT (CM. 3aMedaHue
1.2).

C npyroii cropomst, mpu A&; — 0, An; — 0 panr pasowenus {II;;} o6-
aactu I (B muiockocrun ¢ kooppmaaramu Oxy) nMeeT HyJIeBOH Mpejes, Tak Kak
JUTHHBI CTOPOH KpUBOJIHIeiiHoro napasuiesorpamma 11, mponoprmonanbisr A&,
1 An; (em. 1.6). [Tosromy npu AE; — 0, An; — 0 uHTerpasbHast cyMmMa O HMe-

€T TIpeJIesIOM
// f(@,y)da dy,
u u3 (1.34) caenyer, 4ro

//fxyd:rdy—/f (&), y(&,m))|J(E,m)|dE dn (1.35)

Juist pacemarpubaemoit obsractu 11 (. e. korya II' — npsimoyrosibHUK B 110cKOCTH
¢ xkoopaunaramu O'&n).
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[Tokaxkewm, a0 paBeHcTBO (1.35) cripaBeIUBO U JJist CJIydast TPOU3BOJILHOIL
obstact D ¢ KyCOUHO-IJIa KO IpaHUIIEH.

Urak, nmycts D — orpanndenHas o0jacth B miockoctu Oxy ¢ KyCOUIHO-
raaJKoil rpanuneit, a D’ — coorsercrByloiast eif orpanmdyenHas o0JacCTbh B
mwiockocrn O'én. Tak kak D' — orpanmdennasi 001acThb, TO OHa, COJACPKUTCA
B HekoTopoM mpamoyroabanke! 11, O6osnaunym I1 obnacts mnockoctn Ozy, co-
orsercreyontyio 11, dcuo, uro D C I1. Tpoposkum dyukuuto f(P) Hysem Ha
obsacte II, T. e. nmpumem

- |f(P), PeD;
f(P){o, Pcll\D.

Tpumennm dopmyiy (1.35) k dynkiun f(P) u obnacru I1:
[ fwwidzay = [ [ Faen.oenm) | mldedn
I i

B cuity aJyinTHBHOCTH JIBOIHOTO MHTErpPaJia

[ iwwizay= [[ swizay+ [[ fapacdy= [[ 1z

m\D D

Amnajiornuno, npoitnoit marerpas no Il cosmagaer ¢ cooTsercTByIOIMNM
unrerpajoM 1o D', mosromy

[ sizay = [ [ samyen)] )z (1.36)

JUtst Jiro0oi obJstactu [ ¢ KyCOUHO-TIJIA KO IpaHUIei.

Tak kak B (1.36) B marerpase no obiactu D' koopaunarsl & u 1 urpa-
0T POJIb JIEKAPTOBBIX KOOPJAMHAT, TO STOT MHTErpaj MOXKeT ObITh BBIYUCJIECH
(eM. 1.4) KaK COOTBETCTBYIOIIMH eMy MOBTOPHBI uHTerpas. TakuMm obpasom,
pasenctso (1.36) maeT HOBbIe BOBMOXKHOCTH BBITHUCJICHHS JIBOHOTO HHTETPAJIA.
Dopmyiy (1.36) HasbiBator dhopMyJIoi MpeobpasoBaHusi JBOHHOIO MHTErpaJsa
IIpU 3aMeHe [IepEeMEHHbIX.

B wacrrocru, jiy1s1 nosisipabix KoopuHat |J| = p u pasencrso (1.36) umeer
BI/I

é/f(ﬂf,y)d:vdy—{/f(pcos @, psing)pdpde. (1.37)

1 OrMeruM, 9To Jiist OOBIYHO HCIOAb3yEeMbIX CHCTEM KOOpJAWHAT paciupenue D' s nps-

MoyrosibHEKaA [I' Beeraa BO3MOZKHO.
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(0. 9]
2

IIpumep 1. Borunciium necobcTBeHHbIR HHTErPAJ f e "dz.

0
R

2
Obosznauyum Ip = fe T dx, Torma,
0

R R R R R R

If= /e_xzda: /e_dey =/e‘x2 /e_yzdy da::/d:c/ e "V dy.

0 0 0 0 0 0

Taknm obpaszowm, 112% SIBJISIETCST TTOBTOPHBIM WHTeTrpaJjioM. B cooTBercTRUM ¢ pa-

BerncrBoM (1.13)
1% = // eV dry dy,

II

rie I = {(x,y): 0<axz<R 0<yc< R} — kBaJipar B mwiaockocrn Oxy.
O6osnaunm Kp = {(m,y): x>0, y>0 22+9* < R2} yerseprh Kpyra
pajanyca R ¢ meaTpom B HadaJse KoopanHaT. Tak kak Kpr C II, To

I3 > // eV d dy.
Kpg

C apyroit croponbt, obnacrs K gp conepxkur 11, n noromy

I; < // eV dx dy.

K\/§R

Hns Boramcnaenus marerpaia 1o Kp mepeieM K TOJsPHBIM KOOPAMHA-
tam (p, @). CoorBercrByomas Kp obnacts Kj B mnockoctu O'p@ apnsercs

Tt
npstMoyrosbHuKoM: K = {(p,(p): 0<p<R 0L ep<L 5}, 03TOMY, B

coorsercTBum ¢ dpopmyJioi (1.37)

/ / T i dy — / / e et om0t o g = // < odpde -
Kpr

Kp Ky
/2 R /2
_n2 1 —R2 7T —_R2
0 0 0
Taxum obpaszom,
7T _ Tt _
T << (1-e7), (1.38)
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[Tepexonst B Hepasencrax (1.38) k mpegeny mpu R — 400, Haiijem, 9To

lim I3 = T II03TOMY

R—o0
00 \/_
2 7t
eV dr = —.
2
0
IIpumep 2. BoruucauM miomajib 3JuIca.
2 2
x
YpaBHeHHE 3JUIMIICa B JIEKAPTOBBIX KOOPJIMHATAX NMEeT BUJL: — + ?2—2 =1,
a
IIO3TOMY €r0 ILJIOMAb COBIAIAeT C NHTErpaoM f f dx dy, rie
D
2 2
z Y
D=1 (wy): 5 +5<1

st BbIMUC/IEHNsT 9TOrO MHTErpaJia nepeifjieM K Tak Ha3biBaeMbIM 0000-
IMEHHBIM TOJIIPHBIM KOOPUHATAM (P, ), CBSI3aHHBIM C JEKAPTOBBIME KOOD/TH-
HaTaMW COOTHOIIEHUSIMU T = apcos @, y = bpsing, a > 0, b > 0. Jlerko
BLIYUCIUTD, 4TO JUIs 9TuX Koopjauuar J = abp. Obnacts D’ B KoopaunaTax
O'p@ aBnsierca npsMoyrosbaukom: D' = {(p7 @):0<p<1, 0<p< 271},
IOTOMY

//d:cdyz//abpdpd(pzab

D D’

21

1
d
d(p/pdpzab/%p:ﬂab.
0

0

1.8. Ilnomaap MOBEePXHOCTU

[Tnomamu npocreiiimmx noBepxHocTeil B R3 BRIYMCIAAIOTCA B MTKOJIBHOM
Kypce maTemaTuku. IIpoire Bcero onpeaeuTh U BbIYUCIUTD ILIOMIAMN TTUIAH-
JIPUYIECKOI U KOHUIECKOU IMTOBEPXHOCTEN, TaK KaK JJIsl HUX BO3MOXKHA Pa3BepTKa
Ha TMJIOCKOCTH. /151 Hostee CI0yKHOM MOBEPXHOCTHU TIJIONMIA/H ONPEJIETUTD CJIOXK-
Hee.

IIycrs B R3 3amanbl nekaproBa cucreMa KoopanHaT Oxyz U HOBEPXHOCTD
¥ = {(w,y, 2): (x,y) € Dyy, 2 = f(x,y)}, rie Dy, — orpanudentast 00-
JacTh Ha mwiockoctu Oxy ¢ KyCOTHO-TIIQJIKON rpanutieii, a dbyuknus f(x,y) —
nenpepbisHo guddepennupyema na D,,. Takum 0bpazom, X sBjdeTcs 4acTbIO
rpaduxa dbynxiun f, gexkanieit naj D,

Pacemorpum pasbuenue {D;} obnactu Dy, ¢ pairoM A n BO3bMEM TOYKH
P, € D,. Tak xak ¢pyuknus f auddepennupyema, TO IOBEPXHOCTD Y UMeeT B
Touke P; kacaresbHyio 1mockoctb 1I;. Huanbjapudeckast mnoBepxHOCTh ¢ 00pa-
3ytoreit, mapaJsenbaoin Oz, 1 HallpaBJIAOIeii, coBlajaoleil ¢ rpanuneit D;,
BbIpe3aeT Ha 1iockocTu II; HeKoTropyo 0b1acTh 0}, IJI0IIa/b KOTOPOil 0003Ha-
yuMm Ao;.
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Pacemorpum cymmy > Ao;. Ona mpejcraBisier coboii II0IMa b KyCoTHO-

i=1
JMHEHHON TIOBepXHOCTH X', ABJsIONeiics o0beuHeHneM PaCcCMOTPEHHDBIX Ya-
creil JI0CKOCTeH, KacaTebHbIX K Y. EcTecTBeHHO cunTaTh pacCcMaTpuBaAEMYyIO
CYMMYy HpUOJIMKEHNEM K ILJIOMAU TOBEPXHOCTH X5, TIO3TOMY Pa3yMHO IIPUHSITH

caenyroliee onpeaeieHue.

Onpenenenne 1.3. Ecau cywecmsyem npedea

5= a0

Mo OH HA3bBL6AETNCA n,/LO’(@CLd’b’}O noeseEprHocmuU >,

3ameuarue 1.4. Ormerum, 4T0 KyCOUHO-JIMHEHHAS HOBEPXHOCTD Y| ILJIO-
n

Majbio KOTOpoil siBisercs y , Ao;, npejacrapisger coboii rpaduk pasphiBHOI
i=1

dbyukiuu. dpyrumu cioBamu, X' — He ,CIUIOMIHAS TOBEPXHOCTL . ®

[Tokaxkem, 4TO BBIYUC/IEHHE ILIOMIAIM [IOBEPXHOCTU CBOJIMTCS K B3STHIO
HEKOTOPOI'o JiBoiiHOro uHTerpaJja. Obsacth 0; JEXKHUT B myiockocT 1I; u mpu
OPTOTrOHAJBLHOM HpoeKTupoBannn Ha Oxy nepexogut B obacts D;. Obosnadum
«; yrosa Mexty mockoctsamu II; m Oxy. Yron «; coBHajaer ¢ yrjioM MexKy
HOPMAJILIO NZ K mtockoctu 1I; m ochio Oz, a HOpMaJh ]\7Z SIBJISIETCSI HOPMaJIbIO
K TTOBEPXHOCTH 2. B TOUKE P, MO3TOMY o; — YTOJI MEXKTy HOPMAJIbIO K X2 B TOUKE
P uOz.

[Lnomaau obsacreit 0; u D; ¢BsI3aHBI paBEHCTBOM
Aoj|cos ;| = S(D;). (1.39)

DTO COOTHOLICHUE OYEBUJHO, ecau D; u 0; SBJISIOTCS HPSMOYIOJbLHUKAMMU.
B obmiem cayuae pasencrso (1.39) jmokaszsiBaercs caepyomuM obpasoM. Pac-
evorpum ase wiockoern I 1 TI3) ¢ yruom & MKy HUMU M BBEJICHHBIMU HA
HUX JIeKapTOBLIMU cucreMaMu KoopauHaT Oxiy; 1 OToys TaK, KAK YKA3aHO Ha
puc. 1.7.
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Torma

Ty = 11: ys — ‘C(?)Jslocy (1.40)
Hamee,
= // dxodys = // | J|dzydyy = cos | // dz1dys = |cos oc\)

D®) DM

Tak Kak sikobman J mpeobpazoBanust koopanraar (1.40) pasen 1/ cos «.
Takum obpaszom,

rie AS; = S(D;) u, mo onpeJie/ieHuio IBORHOIO HHTErpaJia,
dz d
S:// iy (1.41)
| cos o
Day

3J1ech o — yTOJI MEXY HOPMAaJIbIo N k ¥ u ocbio Oz.

Borauciaum COSOC B kauectBe HopMaju N MOXHO B35ATh BEKTOD

- [ Of 0of
N = |: % ay, 1:| TOF,[L&
COS X = (Ni»k) !

E) )
s= [J\(Y (%) 1w 1.0

Pagenctso (1.42) maer cmocod BBIMUCICHUS TIIOMAA TOBEPXHOCTH X, T. €. M0~
BEPXHOCTH, siBJIsiIoNIeiicst rpadukoM dyukiuu z = f(z,y). Takyto 1oBepxHocTsb
Jobast mpsiMast, mapaJuienbaas ocu Oz, mepecekaer ne 6osiee ogHOro pasa. Ecin
K€ MOBEPXHOCTH Y TAKOBa, 9TO Karkjas IpsiMas, napaJsuieibaast ocu Oy, 1e-
pecekaeT ee He DoJiee OJIHOIO pasa, TO X SBJIAETCHA YacTbio I'paduka PyHKIUHI
y = g(x, z). B arom ciyuae cupaseyiuBa anajorudnas (1.42) dbopmyiia

S = //\/ 8—z>2+1 d dz, (1.43)
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rjae D, — obsactb B miockocTu Oz, sBISIONAsiCsd OPTOrOHAILHON IpOoeKueii
Y1 Ha ITY ILJIOCKOCTD.
Hakomner, eciau X = {(:z:,y,z): (x,2) € Dy, x = h(y, z)}, TO

YO RC R

B obiiem ciiydae moBEPXHOCTH Y OOBIYHO BO3MOXKHO Pa30UTh Ha KOHETHOE
YUCI0 TAKUX YaCTei, 9TO JIjisi BBIYMCICHNs UX ILIOMIA/Ieil IPUMEHNMa OJIHA, U3
dbopmya (1.42)-(1.44).

Paccmorpum Teneph BOMPOC O BHIYUCIEHUN TLIOMIAJIA TOBEPXHOCTH X, 38~
JaHHOI mapameTpudecku. IlycTh mapamerpuieckue ypaBHEHHUS Y. KMEIOT B/

P =7(Em) = [x(&n), y(E ), 2(E,n)]",  (&m) € Dy (1.45)

Jjist riiajikoii OBEPXHOCTH BBIMOJIHEHO ycyiosue [77g, 7'y | # 0. B srom cayuae B
OKPECTHOCTH KasKJOi CBOEl TOUKH MOBEPXHOCTDL Y sIBJISIETCsI TpaduKOM JHOO
byukiuu z = f(x,y), mmbo Gyuknuu y = g(x, z), mbo dyukuun x = h(y, z)
1 BCS TIOBEPXHOCTD Y MOXKET OBITH pas30uTa Ha KOHETHOE YHCJIO TAKHX OKPECT-
Hocreil. PacemorpuM, Hanpumep, takyio dacts L), B koTopoil ¥ sBistercs

rpacdukom dyukuuu z = f(x,y). Iycrs eit coorBercrByer dacrb ng) 0bJ1a-

ctu Dgy. Oboznaunm D%) opTOroHAIbHY0 mpoeknnio L) ma miockocts Oxy.

B coorsercruu ¢ (1.41) mwrormans S (1) IIOBEPXHOCTH Y1) Bpraucstercs mo dop-
MyJie

B sToM sBOiiHOM HMHTerpaJe mnepeijieM oT JeKapTOBLIX KOOPJAMHAT K KOOP/IMHA-

tam (&,M), 1. e. npumem
z=z(&m);
1.46

{yM&M- (1:40)

ey

re J — srobmam HpeO6pa30BaHI/IH (1.46).
Hopmaisio k () sisiercst Bektop

7, 7= (898,2 8y8z> <8z8x 8z8x>—,»+(8a:(’?y 8x8y)~

T, T — = ==

d&dn ok

Torna

ogom oL
35

9&on ok



- —

rjie 1, 7, k — opThl JIeKapTOBO# cUcTeMbl KoopjuHaT. Tora

(N, F)| 1 |0z 8y oz dy| |J]
lcosa| =—5"=—F |7 == — — — = ——,
INIl N 198 on - On OE] N
Tak Kak J = % @ — 3_5(: @ Takum obpaszom,

=//Hﬁudadn:/ 175, 7] || d& dn.

(1) (1)
Dén DEﬂ

AHaJIOTNYHO BBIYUCAAIOTCH IUIOIMAAA U OCTAJBHBIX 4YaCTel MOBEPXHOCTH ..
CyMMUPYsT TUIOIAJM BCEX dacTeil, mosyduM (pOopMyJly JJIsl BLIYACICHUS 110~
A/ TOBEPXHOCTH, 33JIaHHOi cooTHOIeHusMu (1.45):

S = //H 1]||d& dn. (1.47)

D &n

2. TPOMHON NMHTEIT'PAJI

2.1. OmpeneneHne TPOMHOTO MHTErPAJIA
1 €ro OCHOBHBbIE CBOMCTBA

OmnpeJjiesierre TPORHOINO MHTErpaJia U €ro CBOMCTBA aHAJIOTMYHbBI OIPE/Ie-
JICHUIO U CBOMCTBaM JIBOMHOI'O MHTErpaJa.

PaccMOTpHM OrpaHdteHHyIo 3aMKHyTyIo obsiacth § C R3 ¢ xycouno-
ryiajikoit rpanuteit. Jljas takoil objacTu ompejieseHo mouaTue obbeMa. Kak u

B ciydae mockocru, Hazosem d =  sup  p(P’, P") nuamerpom MHOXKeCTBa
P P'eX

X C R p(P', P") — paccrosnue Mexy Toukamu P’ u P’
[Iycts na obaacru €) 3amana Bemecrsennas yukiws f(P), P € (.
Paccmorpum mpoussosibHoe pasouenne {w; } obracrtu 2 Ha dacTHIHbBIE 00-
JacTi Ww;, ¢ = 1,2,...,n, ¢ KYCOTHO-IIAJKAMI TPAHUIIAMHI, KOTOPbIE MOTYT
nepecekaThCst MeXK Iy coboi pa3Be JIMIIh 10 CBOMM rpanniiaM. Hazosem panrom
pazbuenust anciao A = max d(w;). Beibepem mponssosibabie Touku P; € €); u
(3

pPacCMOTPpUM CyMMY
> f(P)AV, (2.1)
=1

rie AV; = V(w;) — obbem obmactu w;. Cymma (2.1) HazbiBaeTcst HHTEPATBHOI
cymmoit st byuxrmuu f(P), obmacru €, pasobuenus {w;} u Touek P
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Omnpenenenne 2.1. Yucao I mnaszvisaemea mpotiHvm — UHMEZPALOM
dynruuu f(P) no obaacmu ), ecau das aobozo € > 0 cyuecmeyem ma-
koe & > 0, wmo das mobozo pasbuenua {w;}, pane xomopozo ydosaemeopaem
yeaosuto A < 0, u aobvx movex P; € §); cnpasedauco nepasencmeo

P)AV, —I| < e.

Qynryus f(P) nasveaemea 6 2amom cayuae unmezpupyemoti no obiacmu
W, a OAA ee UHMEPAAG UCTLOABIYEMCA 0003HaAYEeHUE

I/Q//f(PdV

Kaxk u Jij1s1 BOMHOTO MHTErpaJa, HeoOXOIMMbIM YCJIOBUEM MHTEIPUPYEMO-
cru byukiyn f(P) siBisieTcst ee OrpaHUIeHHOCTE Ha 00s1acTH {2, & J0CTATOUHBIM
YCJIIOBHEM — ee KyCOUuHasl HelIPephIBHOCTL Ha, ().

[lepeancaum OCHOBHBIE CBOMCTBaA TPOWHOIO WHTErpaJia, J0Ka3aTehCTBa
KOTOPBIX aHAJOTMYHBI JOKA3aTeJIbCTBAM, TPUBEJEHHBIM B 1.2 i JIBOMHOTO
UHTerpaJa;

1) [[[dV =V(Q

2) eCJII/I o € R, oo € Ru f1(P), fo( P) uarerpupyemst 10 €2, 10 QyHKIMs
o1 f1(P) + oo fo( P) Toxke unTerpupyema 1o 2 u

/// o1 f1(P) 4+ oo fo( P dV—oq// fi(P dV+<x2// fo(P

3) ecim Q = Q1 U Qy u obmactu O n )y nepecekarorcsi passe JUIh 110
CBOMM T'DAHUIAM, TO

/Q//f(P)dV—/Q[/f(P)dVJr/Q[/f(P qv.

ipu 91oM, eciu dyukiust f(P) uarerpupyema 1o ), o oHa MHTErpUpyeMa
u 1o obsactam (g, o, u HAobopoT, ecsiu f(P) uHTErpHpyeMa Mo KaxJoil u3
obnacreit )1 u {29, TO OHA WHTErpPUPyeMa u 1o obsacTu €

4) ecm f1(P) < fo(P) nns Beex Touek P € Q u dbyukunu fi(P), fa( P)
WHTErpupyemMbl 1o {2, TO

/Q R /Q [ v
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5) ecmu f(P) unrerpupyema 1o 2, To dbyuknus |f(P)| Takxke naTerpupy-

eMa 110 §) u
/ / / F(P)aV| < / / F(P)aV:
Q Q

6) muist warerpupyemoii o €2 dyuknuu f(P) cnpaBeiuBbl HEpABEHCTBA

mV(Q) < /// f(P)dV < MV (Q),
Q

rie m = inf f(P), M = sup f(P);
PeQ) PeQ)

7) eciin dbyukuus f(P) wenpepbiaa B obsactu §) (3aMKHYTOIt), TO CyIIie-
CTByeT Takas Touka P* € (), uTo

[ v = spyvio.
Q

2.2. BpruucijeHune TpPoiiHOTO MHTerpaJa
B J1€KQPTOBBIX KOOPAMHATAX

I[Tycrs B R? BBesiena jiekaprosa cucrema koopaunar Oxyz u Ha obsactu §)
sajana dynknusa f(P). Kak u B ciydae JBoitHOro wHTErpasa, OyaeM UCIOJb-
sosarb obosnauenne f(z,y,z) = f(P(z,y,z)).

PaccMoTpum paBuiIbHYIO OTHOCUTEILHO 1iockocT Oy objacts €2, T. e.
06JIaCTh, JIEKAPTOBBI KOOPJAUHATEI (X, Y, Z) TOUEK KOTOPOil YJIOBJIETBOPSIOT CO-
ornomenusiM: (x,y) € Dy, g1(2,y) < 2 < ga(x,y), tae Dy — 3aMKiyTast orpa-
HUYeHHas 00JacTh ¢ KYyCOUHO-TJIa KO rpanuteil B mnockoctu Oxy, a gi(x,y)
1 go(z,y) — nenpepoisuble na Dy, Gyukiun.

Eciu dyukuus f(x,y, z) neupepbisaa Ha €2, 1o dyHKIus

92(55,2,/)
F(x,y) = / fx,y,2)dz
gl(z,y)

OyieT HenpepbIBHOil B 061acT Dy, (3TO JOKA3BIBAETCA TaK Ke, KaK B CIIydae
JIBOHHOIO MHTErpasia) U CyIecTByeT WHTerpaJ

QQ(Jf,y)
//dwdy / f(x,y, 2)dz,
Dﬂly gl(‘rvy)
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Ha3bIBAEMbIii TOBTOPHBIM wHTEerpasioMm dbyukimn f(x,y, z). Ilpu srom crpase-
JINBO PaBEHCTBO

/// f(P)dv = ///f(xay, z)dx dy dz = //dxdy gﬂ/x,y)f(x’yjz)dza
) ¢ D, 01(z.)

(2.2)
KOTOPOE TOXKE JIOKA3bIBACTCS AHAJOIMYHO CJIYvalo JIBOMHOIO uHTerpaja. Ec-
nm 06aactb Dy, (1U10cKast) sIBJASICTCS NPaBUIIBHON oTHOCHTENBHO ocu O, T. €.
D,y = {(z,y): 1 <2 < 29, hi(z) <y < ho(x)}, T0 ABOIHOI HHTErpAI IO
D,y B CBOIO OUY€pPE/ib CBOAUTCS K TOBTOPHOMY WHTErDAJLy U, CJIEI0BATEIBHO,

h2(w) gQ(xay)

[ 1600 2paz s = / i [y [ fewad @

2 1(z)  gi(zy)

[t IpyruX BO3MOXKHDIX CJIYUIaeB CIPaBEJJIUBBI (POPMYJIbI, aHAJOTUIHbIE
pasencram (2.2) u (2.3). B wacruocru:
1) ecsn € npaBuibHa OTHOCHTEIBHO 1I0CKOCTH Oy, a Dy, — OTHOCHTEIb-

1o ocit Oy, 1. e. Dy = {31 <y <o, pi(y) < <pa(y)}, 10

y2  p2(y)  g2(zy)
///f(w,y,Z)dxdydzzfdy / dx f(x,y, 2)dz;
Q (7 @)  glzy)

2) ecym ) mpaBUIIbHA OTHOCUTENBHO TTocKocTH Oyz, (puc. 2.1), T.e. ) =
= {(aj,y,Z): (y,Z) S Dyz; gl(yaz) <z < gQ(ya Z)}a

Puc. 2.1



TO

92(%1/)
///f(x,y,Z)dwdydzszdydz / f(z,y,2)dr =
0 D,. 91(z,y)

29 ha(2) 92(y,2)

:/dz / dy / f(x,y, z)dx. (2.4)

z hi(z)  g1(y,2)

Pacemorpum nosipobree nocienwii caydait nipu f(z,y, z) = 1. Ecam z, €
€ [21, 22], TO ropmsOHTAJBHAS TUIOCKOCTb 2 = z, Tepecekaer obJjactb ) mo
HeKoTOopoii obsiactu D, , jiexkalneit B 91oit miiockoctn. Koopmuarer Touek D,
OTUCBIBAIOTCS COOTHOMEHUAMIE: 2 = 2y, h1(2:) < y < ho(zi), g1(y, 2.) < x <
< go(y, 2+). Buaaur, D, sBJsteTcsi MIOCKOH 00JIACTHIO, TPABUILHON OTHOCH-
tespHo ocu Oy, mostomy ee maomans S(z,) = S(D,,) Beraucasgercsa no ¢op-
MyJie

ha(z)  g2(y,2)

S(z) = / dy / dx.

h’l(z*) g1 (y,z*)
Jpyrumu cioBaMu, pyHKIHsT

OIIMCBIBACT ILJIOMIAIU CeUeHnt 00acT {2 IMIOCKOCTIMHU, apasuieababiMu Oxy.
I3 pasencrsa (2.4) ciepyer, aro

V() = /// drdydz = 7S(z)dz. (2.5)
0 %

Dopumysia (2.5) 1103BOMISIET BBIYUCAUTH 00beM (2, €M W3BECTHBI TLIONIA-
m S(z) cedennit € mIOCKOCTSIME, OPTOrOHATBHBIME OcH (Oz. 3aMeTUM, UTO B
pPacCMaTPUBAEMOM CJIYUae OTPE30K |21, Zo| SIBJISIETCST OPTOTOHATLHOM TIPOEKITHET
Q2 ma Oz. Pasencrso (2.5) nasbiBaercs npunnunoMm Kasanmbepu. CripaBeiiiBbl
u dopmysbl, anagorngnbie (2.5). Hanpumep, ecin npoekiusi € na och Oz —
OTPE30K [x1, To], a S(x) — miomaau cevenwuit, oproroHasbueix Ox, TO

€2

V(Q) = / S(z)dz.

I
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2.3. KpuBosmHeiiHbIe KOOPAWHATHI B R3

[locTpoenne KpUBOJMHEIHBIX KOOpIHHAT B R3, 10 CyIecTBy, aHAJOrHYHO
MX [IOCTPOEHMIO Ha ILI0cKocTH, paccmorpentomy B 1.6. Ilycrs B R Bmecte ¢
JIeKapToOBOil cucreMoil koopaunar Oxyz 3ajaHa CUCTEMa KOODJIMHAT, B KOTO-
poit Touka P ounucbiBaercs rpoitkoit wuces (&,1, ). Torja, kak u B ciyuae
KPUBOJMHEHHBIX KOOPAUHAT Ha ILJIOCKOCTH,

x = x(&m,Q);
z=2z(&m,0).

Oyukmn (&, 1, C), y(&,M, Q) u 2(&, 1M, () MpenonoKuM HenpepbiBHO jndde-
PEHIUPYEMBIMU U OYJIEM CUUTATH, YTO

9& on 0C
et |24 0¥ Oy
J = det 9 an oC # 0. (2.7)
[ 0E On OC

Besimuuna J 1o-npexxHeMy Ha3bIBaeTCs siKOOMaHOM Ipeobpa3oBaHust KOOP/IU-
war (&,1, () B mekapToBbl KoopauHathl. [Ipu stux yeaousix cucrema (2.6) og-
HO3HAYHO pa3pelinMa OTHOCUTEbHO &, 1), (; ee pelieHne OyeM 3alliChiBaTh B
BH/IE:

&=&(z,y,2);
n=n(z,y, 2);
C — C(xayaz)

Vpasrenne &(x,y,z) = & 3aJaeT MHOKeCTBO Touek B R3, apjatorieecs s
WCTIONIb3yeMbIX CHCTEM KOOPJIMHAT HEKOTOPOii oepxHocThIO B R?, KoTopas Ha-
3BIBACTCS KOOPJIMHATHON MOBEPXHOCTHIO T, COOTBETCTBYIOIIECH 3HAUEHUIO &).
Awnasiornyano, ypasHenue 1(x,y,2) = T ONPEEISET KOOPIUHATHYIO MOBEPX-
Hocth &C, a ypasaenue ((z,y, z) = (y — MOBEPXHOCTD &MN.

MHuoxkecTBo TOUEK IepeceueHnsi KOOPJMHATHBIX roBepxHocTeil EC n &n
OnpeJsiedeTcsd CUCTeMON ypaBHEeHUt

n(z,y,z) = no; (2.8)
C(Q?, Y, Z) - CO
U SIBJISETCSA OOBITHO HEKOTOPOHl KPpUBOH B R3. Pazauunble TOUKI STOM KPUBOii

OTJINYAIOTCS TOJILKO 3HAUYEHUEM KOOPJUHATHI &; B CB3U C 9TUM JIMHUS, OIIPE-
JengeMas CUCTEeMOI (2.8), HA3bIBAETCsl KOOPJIMHATHON JinHKeH &, npoxojisieit
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aepes Touky P(&p,Mo, (o). AHAJOTUIHO OMPEIENSIFOTC KOOPJANHATHBIE JINHUH
N u (, npoxojsine depe3 P u onpejessieMble CUCTEMAMN

E,(.Z',y,Z) = EO; E,(.r,y,Z) = E»O,
C(.flf,g,Z) = CO; n(xayaz) =To

COOTBETCTBEHHO. B Kaxkoii Touke P ompejesiennl HeHyJIeBble KacaTeJbHbe K
KOOPJIMHATHBIM JIMHUSIM BEKTOPbI, KOTOPbIe B 6azuce {i, 7, k} BoipaxkaoTcs cie-
JIVIOIIIM 00pa30M:

_ [02(E0m0,G0) Fy(EomoGo) (800 )]"
£ _ 8& ) 35 ) 35, | )
- _8.17(5,0,1']0, CO) 8?;(50;“0,%) 8Z(E»O7n07C0)—T,
n ] an ) 61,] ’ 6“ | !
- _(9513(5.0,1'10; CO) ay(&o;ﬂo; CO) aZ(E,O,nO, CO)— !
‘ oc o A '

U3 yeaosust J # 0 ciepyer jnHeiiast HE3aBUCUMOCTD BEKTOPOB { Tz, Ty, T¢} 1,
3HAYMT, CyIeCTBOBAaHKE B KaxK/0il Touke P Gasuca {€x, e, €z}, rue

1 1 1

R A T T
Ka,K U B Cﬂyqae KOOprZLI/IHa,T B R2, BaXHbBIM ABJIAETCA BbIHUCJIEHUE YUC-

JIOBBIX XapaKTEePUCTHUK ,KPUBOJHMHEHHOrO mapaJuiesenniessa’, odpa3oBaHHOIO

TOYKaMU

Pi(&0,M0), o), Pa(Eo+AE, Mo, Co), P3(&o,no+AN, Go), Pi(Eo+AE no+AnN, Go),

P5(&p,M0, Co+ACQ), Ps(&o+ A&, Mo, Co+AQ), Pr(&, Mo+ AN, Co+AL), Ps(&+

+AE g+ An, ¢ + AQ).

ODTU TOYKM U KPUBOJWHEHHBIN TapaJiesennre] n300pakeHbl Ha puc. 2.2.

Yy P Py

P1 P2

Puc. 2.2
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Boraucienue il ,,pedbep” 3Toro KpuBOJMHEHHOrO ImapaJijiesenie 1 moJi-
HOCTbHIO aHAJOIMYHO BbIYMCACHUIO JJIMH ,,CTOPOH * KPUBOJIMHEHHOI'O 11apaJljIesio-
IrpaMMa B ILIOCKOM cjiydae. Ternepb (popMyJibl UMEIOT BT

|P1 Py = He(&0,Mo, Co)|AE| + o(AE);

|P1 P3| = Hy\ (&, Mo, Co)|An| + o(An);
|P1Ps| = H(&0,M0, Co)|AC| + o(AQ),

rjie
o\t fay\? (0:\*]"
He(€,m, () = (a_g(;) +(Ez> +<a—z> : (2.9)
: 2 2 2: 1/2
Hy(&,m,¢) = (%) +<%> +(%) : (2.10)

He(&m,C) = [(g—zy + (%Z)Q + (g—Z)Q] " (2.11)

— coorBercrpyoliue Koadduiuenrst Jlame. st jyinnbt ,,pedpa’ Ps Py 1ioJ1yunm
COOTHOIIIEHUE

|PyPs| = He(& + A&, Mo, Co) AL+ o(AQ);

aHAJIOTMIHbIE COOTHONIEHUS CIPABEJINBLI U JIJI JIPDYTUX ,,pedep .

Paccmorpum Bonpoc o Boranciaenun oobema Vipys KPUBOJMHEIHOTO napaJl-
nejgermmnena Py ... Ps. Kak m B ciaydae mJIOCKOCTH, MOXKHO JIOKa3aTh, YTO IpH
masbix A, An n A crpaBeyiiBO COOTHOIIEHNE

Vips = V + 0(AEANAL), (2.12)

_
rjie V' — 06beM 0OBITHOIrO HapaJijiesielIniie/a, IOCTPOCHHOI0 Ha BeKTopax P P,

— ——
Py P; u Py P5. KoopjimHaThl 9TUX BEKTOPOB BbIUKUC/ISIIOTCS TaK 2Ke, KaK 1 B ILJI0C-
KOM ciIydae. B pesysbrare mosydnM:

‘ - NT
JTP; _ (%(508,20, Co)’ 89(506720, Co)’ 82(505207 (o) AE + 6(A):
) AT
< ]T)Pg _ 356(50({,}]1110, Co)7 ay(&oé]?o, Co)7 32(50({;]1110, o) A+ 6(An);
- AT
]TP; _ (996(505120, Co)7 89(505120, Co)’ 82(5051207 (o) AL+ G(AD).

(2.13)
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Obbem mapaJuiesenuena, MOCTPOEHHOTO Ha BeKTOpax d, g, C, paBeH
‘ (c?, [g, ﬂ) ‘, a JIJIsl CMEIIAHHOTO IIPOU3BEJICHUsT TPEX BEKTOPOB CIIPaBeInBa (hop-
MyJIa,
. a; a, a,
(Ei, [b,c_]) =det [b, b, b.

Cx Cy Cs
YuaurniBast pasencTsa (2.13), naxomum obbem V:
V = |J| |AEANAL| + o( AEANAL),

rie J — sikobuan, onpejesiennbiii B (2.7). Torya u3 pasencrsa (2.12) caepyer,
qTO

Vipun = |J| |AEANAL] + o( AEANAL).

Kpuponuneitnpie koopanuatel B R, xkax u B R?, Takske ynobHo paccmar-
pUBaTh KaK B3aMMHO-OJIHO3HAYHOE COOTBETCTBHE TOUYEK JIBYX IMPOCTPAHCTB C
JgekaprosbiMu cucremamu koopaunar Oxyz u O'EnC. Ecan npu TakoMm cooT-
percTBun obsactu () oredaer obacts €, TO

V(Q) = |JIV()(1+0(1)).

Oyuknust |J| Tenepb MOXKeT paccMaTPUBATHCsT Kak KOI(DMOUIMEHT W3MEHEHMUsT
obbema pu oTobpakennn (2.6).

Koopunarst (&,1, () HA3BIBAIOTCS OPTOrOHAJIBLHBIME, €CJIH B KaXKI0# TOU-
ke P 6asuc {€, éy, €} ABIATCS OPTOrOHAIBHBIM. YCJIOBHS OPTOrOHAJIBLHOCTH
9TUX BEKTOPOB CBOJATCST K PABEHCTBAM:

(e 20 0n Oy oy 0:0:
ST 9g o T 98 on g an
S Or Or Oy Oy 0z 0z

_Oror oy oy 0zoz 2.14
L. Or Or Oy Oy 0z 0z
T, T) = =+ == +— = =0,
BT =50 5 T ac T o

KOTOpBbI€ JIOJ2KHBI ObITh BBIIIOJHEHBI IPU Bcex &, 1, C.
C mOMOIIBIO HEIIOCPEICTBEHHOTO, HO JIOBOJBHO I'POMO3JIKOIO BbIYHCICHUSI
MoxkHO yoenuTheal (kax u B ciaydae R?), 4To J1 OPTOrOHAbBIX KOOPIUHAT

|J| = HHyH;.
Taxum 0b6pa3oM, B 3TOM CJjiydae

Vs = He HyHe| AEANAL| + 0o( AEANAQ).

1 OcTaBUM MPOBEPKY 9TOro (pakTa B KAUeCTBE YIIPAXKHEHUSI.
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Haxkowner, g cjydasg OpTOrOHAJBHBIX KOODJAWHAT BLIYUCIUM ILIOIIAN
SpaHeit’ KpupoJimHeiiHoro napaJuiesenunea Py ... Ps. Paccmorpum, natipu-
Mep, ,rpaib’ Py Py Py Psy. Ee mnomaap 06030a91M S1943. DTa Ipalib — IPOCTPaH-
CTBEHHbIH ,, KPUBOJIMHEHHBIN 11apaJiie/iorpaMm, KOTopbiil, B 00ieM ciiydae, He
sBJIETCS ILJI0CKO# urypoii. [lapamerpudeckue ypaBHEHUsI 9TOR ,PAHK " MO-
I'yT ObITh BbIOpaHbl B BU/IE

r = 77(5»11) - [ZU(E,T], CO)) y(‘iana CO): Z(‘ian) CO)]T7 (E’n) < Dgn,

e Dy — MHOXKeCTBO TOUeK (&, 1)), KOOPAMHATHI KOTOPBIX Y/IOBJIETBOPSIOT HEpa-
BercrBaM & < & < & + A&, mg <1 < np + An. Ilo dopuyne (1.47) ma
BbIYUCJICHU A 11JIOIIA /I HOBerHOCTI/I HO.HyLH/IM

51243—//H (75, 73| dE dn.

Din
Tak kak
O TR AT B Bl o=t =iy
T (200 00 02" (05 02 _0n 02
£ 9 on  om 98) " \9E an  om OE
Oor dy Oz Oy 2
(8_6%_55)

RGO ORGORGIE

-\ 98 9¢, 0, on on on
<656 Ox (9y ay 0z 0z
OE, on 55 on 55 on

IOCKOJIBKY JIJisi OPTOTOHAJIbHBIX KOODJIMHAT BBIMOJIHEHBI paBeHcTBa (2.14).
3necy Hy u Hy — koapdunmentsr Jlame. Ucnomb3ys Teneps Teopemy o cpegHem
JUIA JIBOMHOTO MHTEerpaJia, Haiiem:

Stoaz = He(£7,1", Co)Hy(E°,M", (o) |AEAN)],

e & € [&o, & + AE], n* € o, Mo + An). Tak kax yukuun Hy u Hy, nenpe-
PBLIBHBI, TO

Sr243 = He (&0, Mo, Co) Hy (&0, Mo, Co)[AEAN| + o( AEAN). (2.16)

Taknm ke 00pa3oOM JIOKA3bIBAIOTCS PABEHCTBA

Sh265 = He (&0, Mo, Co)He (&0, Mo, Co)|AEAL| + o(AEAL),
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Shars = Hy (&0, Mo, Co)Hc (&0, Mo, Co)|ANAL| 4+ o(ANAQ)
Jutst tomajeit rpaneit PPy PsPs n Py P3P Ps. Bepxusisi rpanb” Py Py PP
oTandaercsa or ,rpann’ PP, Py P3 TonTbKO 3HAUYEHHEM KOOPAWHATHI (, TOITOMY
B COOTBETCTBUHU C PaBeHCTBOM (2.16) crpaBejiiinBo COOTHOIIEHWE

Ssesr = He (&0, Mo, Co + AC)Hy (&0, Mo, Co + AQ)|AEAN| + o(AEAN)

e (¢

¥ aHAJIOTMYHBIE COOTHOIIEHUS JIJIs OCTAIbHBIX ,IPAHER®.

B kadecTBe mpuMepa KpUBOJHHEHHBIX KoopanHaT B R pacemorpuM cde-
pudeckue koopauHarhl (P, Y, @). Ecan B3anmuoe pacrosioxenue chepuaeckoit
1 JIEKAPTOBOI CHCTEM KOODJMHAT COJIACOBAHO OOBIYHBIM 00Pa30M, TO 3TH KO-
OPJMHATBI CBSI3aHbI MEXKJY CODOH COOTHOIIEHUSIMMU:

x = pcos @ sind;
y = psin @ sin J;

z = pcosv.
B stom ciaydae
0 0 )
a—ZzCOS(psinﬁ; %z—psin(psinﬁ; a—g:pcosq)cos%;
0 0 0
a—Z:sin(psinﬁ; %: p cos @ sinV; a—g:psin(pcosﬁ;
0 0 0
a_zzcosa; %:07 8—§:—p81n8
Or Or Oy Oy 0z 0z
Torma — — + + — — = 0, T. e. BBIIOJHEHO TIEPBOE U3 PABEHCTB

Op Op Op O 0Jp 0@
(2.14), 1 KOOpJMHATHBIEC JIMHUU P U @ OPTOrOHAJIbHBI. AHAJOIUYHO TPOBEPSET-
sl U BBIIIOJTHEHUE JIBYyX Apyrux pasencTs (2.14). Takum obpasom, cdepuaeckue
KOOPJIMHATHI SIBJISIOTCS OPTOrOHAJbHbIMU. [Jisi HUX JIEFKO BbIYKMCJIUTH KOI(D-
dunuenTs! Jlame:

H,=1 H,=psin?d, Hy=p.

— 2
Tak kKak cepudeckue KoopuHaThl OpTOTOHAJIBHBI, TO J = p~sind. Kak un s
TOJIAPHBIX KOOPJWHAT Ha IJIOCKOCTH, JIJIA ChEepUIeCKUX KOOPJAWHAT UMEIOTCS
ocobbie TOUKHU, B KOTOPHIX J = 0.

2.4. BpluucjieHne TPOMHOIo MHTEeTrpaJia
B KPUBOJIMHENHBIX KOOPAWHATAX

Brraucienne TpoifHOTO MHTETrpaJia B KpUBOJNHENHBIX KOOPJIMHATAX IO CY-
IIECTBY HE OTJIMYAETCsl OT aHAJIOTMYHOTO BBIYUCJIEHUS JBOMHOTO WHTErpaJa.
[IpuBejiemM JUIIb COOTBETCTBYIONMINAE (POPMYIIbI.
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I[Tycrs B R? 3amansr gekaprosa cncrema koopanuar Oxyz W KPUBOJINHEH-
Hble KOOpAUHATHI (&, 1, (), CBSI3aHHBIE COOTHOIIEHUSIMHU:

r = x(&m,Q);
y =y(&m, Q) (2.17)
Z = Z(‘tﬂna C)?

a Takxke obsacrb ) ¢ KycouHo-riaJikoil rpanuneit. Ilycrs ' — obpas obia-
cru ) pu npeobpazoBanun KoopauHatr (2.17), 1. €. 06JACTb B IPOCTPAHCTBE €
JleKapToBoit cucremoit koopaunar O'&End, koropas coorsercrByer () pu 1pe-
obpazosanun (2.17). Tora

/Q//f(x,y,z)dxdydz =

- ///f(m(‘(””’ 0),y(&,m, 0), 2(&,m, 0))[J(€,m, C)] dE dn dL,
b

rie J(&,1m, () — sakobuan npeobpasoBanust koopjuuar (2.17).
B wacTHOCTH, JIUIsl UJIMHIPUIECKO# cucTeMbl Koopauuar (p, @, ), e & =
= PCos @, Yy = Psin @, MOJyIUM PaBEHCTBO

/Q//f(x’y’z)dxdydz/Q//f(pCOS(p’pSin(P,Z)pdpd(pdz7

a J71s1 cpepruaeckoil cucTeMbl KoopauHaT (P, Y, @) — paBeHCTBO

/Q//f(x,y,z)dxdydz =

:///f(pcoscpsin%,psin(psin%pcos%) p?sind dp do d¥.
Q/

B kauecrBe npumMepa BbraucjanM obbem Vy ajutuiiconia
2 2 2
Szt oyt oz
Bregem npu a > 0, b > 0 u ¢ > 0 0600111eHHbIE ChepriecKre KOOPINHATHI
(p, ®, V) cOOTHOIIECHUSIMU:
r =apcos@sind; y=0bpsin@sind; z = cpcos?d, (2.18)
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ret p >0, @ € [0,27], 9 € [0, 7t]. B xoopaunarax (p, @,d) smmmncons 3amaeT-
ca yenouem p < 1. Tak Kak skobuan npeobpasosanus (2.18) pasen abep? sind,

TO
vgz/// dxdydz:///abcp%mwpdcpds:

Q Qo
21 s 1 21 s ! b 2n 4
= abc/d(p/dﬁ/ p?sinddp = abc/d(p/gsinﬁdﬁ = %C 2de = ?ﬂabc.
0 0 0 0 0 0

3. KPUBOJIMHENHLIE MHTETPAJIEBI

KpuBonmHeitnble HHTErpasbl, KaK 1 KpaTHbIe WHTETPAJIbl, SIBJISIOTCI Pac-
HIUPEHUEM OIIPEJIEJIEHHOI0 nHTerpaJa. st ciiydast KpuBOJMHEHHBIX UHTEI'Da-
JIOB BO3MOXKHBI 2 CIOCO0& TAKOTO PACIIMPEHUsd, COOTBETCTBYIOIUE MOHATUIM
KPUBOJIMHEMHBIX MHTEIPAJIOB 1IEPBOI'O U BTOPOro pojia. MHrerpasibl u repno-
ro, ¥ BTOPOTO pOJia HAaXOJAT NMpUMEHEeHHe B TeoMeTpur U (pU3MKe. ITU HHTe-
I'paJibl MOI'YT ObITh OlpeJie/ieHbl i (DYHKIMN JIBYX, TpeX U OOJIbIIEro 4uciia
epeMEHHbBIX. Y YNThIBas OCHOBHbIE TTPUMEHEHNsT KPUBOJMHENHBIX WHTETPAJIOB,
OIPAHUYUMCH CJIydasiMu (DYHKIUIE JIBYyX U TPeX HePEMEHHbIX.

3.1. KpuBoJInHEHbIII NHTETpaJl IIepBOT0 poaa

PaccMorpuM ciyuait byHKIWMil JByX nepeMennbix. Ilyers na miockocry R?
3ajlaHa KyCOUHO-IyIaJjikas KpuBas ¢ u ckajspHas dyakiws f(P), onpenesen-
Hasi BO Beex ToYKax Kpupoii £. ObosHauum A 1 B TOUKM, SIBJISIIOIIMECT KOHIIAMN
kpusoii £. Ilycts P, € £, i =10,1,...,n — Touku Ha Kpusoii {; Py = A, P, = B.
Touku P; 3ajaior pasbuenne Kpupoit £ Ha gacru £;, ¢ = 1,2,...,n, ¢ KOHIA-
mu P, n P,. Kaxnast kpuBag {; mmeer JuHy, Koropyio obozunauum Af;. Ha
KpuBbIX ¢; BbiOepeM (1IPOU3BOJIbHO) TOUKK P € {; 1 BbIYKCIUM CyMMY

> FPHAL,
=1

Ha3bIBAEMYT0 HHTErpajibHOil cymmoii fayist dbyukiuu f(P), KpuBoii ¢, 3a1aHHOTO
pasbuenusi { P} u 3ajannoro sbibopa rouek P. Hazosem panrom pasbuenust

qpcyio A = max Al;.
1<i<n

1 BoJstee TOUHO, KaK U /I OOBIYHBIX CPePHICCKUX KOOPAMHAT, MHOKECTBOM JIOIIYCTHMBIX
KoopauHatr (P, @, ) ABASETCS MHOKECTBO: {(p, e, 0):p>0,0< @ <2m 0 <D< TE}U

U{(p,0,0): p >0} U{(p,0,m): p>0}U{(0,0,0)}.
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Omnpenenenne 3.1. Yucao I nasvieaemcs KpusosuHetTHYLM UHMEZDALOM
nepeozo poda dynryuu f(P) no kpueot £, ecau das aobozo € > 0 cyuecmeyem
makoe & > 0, wmo dasa aobozo pasbuenus {P;}, ydosaemsoparowezo ycirosuio

A <0, u aobozo ewvibopa mouek P cnpasedaueo nepaserncmeo

> FPHAL —T| <.
1=1

Qynryua f(P) nasweaemes 6 amom cayuae unmezpupyemot no L. s xpu-
GOAUHETHO20 UHMEZPANG UCTLOAL3YEMCA 0003HAYEHUE

I ! F(P)dL.

Teopema 3.1. Ecau mmooicecmeo {f(P): P € (}, m. e. muoocecmeo
anavernut gynkuuu f(P) na xpusoti €, ne ozpanuveno, mo dgynkyus f(P) ne
unmezpupyema no kpucot L.

[okazaTelbcTBO 9TO# TeopeMbl MPUBOUTH He OyjeM — OHO, B OCHOBHOM,
HOBTOPSIET JI0KA3aTeJILCTBO aHAJIOI'MYHON TEOPEMbI JIJisi OlIPEJIEJIEHHOI'O UHTE-
rpaJsia [5].

Takum 00pazom, jist unrerpupyemocru gyukius f(P) jo/kHa ObITh 10
KpaiiHeil Mepe orpaHrndYeHHONl (YHKIUE.

OjiHako, KaK M JijIsi OIPEJEJICHHOIO MHTEerpaJia, He BCsIKash OrpaHUYeH-
Has (pyHKIU wHTErpupyeMa 1o . JloctaroqHbiM yCJI0BHEM HHTEIPUPYEMOCTH
GyHKIMY SIBJIIETCs €€ HEIPEPBIBHOCTD, H0TOMY CIIPABE/JINBA CJIEJIYIONIas TEO-
pema.

Teopema 3.2. ITycmov Pynxuyus f(P) nenpepuwena 6 zamruymots obaa-
cmu D, codeporcawyeti kycouno-zaadkyro kpueyto L. Tozda f(P) unmezpupyema
no £.

OrmeTuMm, 9TO YCJIOBUSI TEOPEMbI 3.2 MOYXKHO 3HAYUTENbHO OCTA0WTH; B
JaCTHOCTH, 9Ta TEOpeMa CIIPaBe/IJINBa, JIJisT KyCOUHO-HelpepbiBHON Ha ¢ (hbyHK-
nuu f(P), HO TouHas (HOPMYJUPOBKA TEOPEMbI B ITOM Cjiydae Tpedyer Kak
YTOUHEHUs MOHATUS KPUBOH, TAK U TOYHOI'O ONPEJIeJIeHNsT TEPMUHA, , KYCOTHO-
HerpepbiBHAsE (PyHKIMS

ITpuBeiem 6e3 JlOKa3aTeNbLCTBA €Il OJIHY TEOPEMY, BbIPAXKAIOIILYIO
CBOMCTBO a/[JIATUBHOCTA KPUBOJUHEHHOTO UHTErPaJa.

Teopema 3.3. IIycmo xycouno-2aadrasn kpusas £ pasbuma wa dee wacmu,
0y u by, U = 01 Uly, umerouwue ,/LUUM) 0dny obwyro mouky, u Pynkyus f(P)
unmeepupyema no L. Toeda f(P) unmezpupyema no 1 u o u

/f cw_/f d£+/f )dC. (3.1)
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Haobopom, ecau 6 amom cayuae f(P) unmeepupyema no 1 u ly, mo f(P)
unmezpupyema no £, u maxoce cnpasediuso pasencmeo (3.1).

st KpUBOJIMHEWHBIX MHTErPAJIOB MEPBOI'O POJIa CIIPABEJIJIMBbI TaKXKe U
JIpyrue TeopeMbl, aHAJOInYHbIe COOTBETCTBYIOIIUM TeOpeMaM JiJid OlpeJiesIeH-
HOI'O MHTEerpaJia.

Teopema 3.4. Ecau f(P) =1 na ¢ u L — dauna xpusoti £, mo

/dﬁ ~ L. (3.2)

14

HoxkazarenabctBo. [eiicrsurensho, npu f(P) = 1 u j060M BbIOOPE TO-

yexk P nomyuum:
O FEHAL =D AlLi=L
i=1 =1

JUIsT JTI000r0 pasOueHust, I03TOMY BCEe MHTErPaJibHbIE CyMMbl UMEIOT OJHO W TO
Ke 3HaueHne L u sCHO, 9TO CIpaBeiinBoO paBeHCTBO (3.2). W

ITpusesiem emie 4 yTBep:KJIeHUsI, JIOKA3ATEJILCTBA, KOTOPLIX aHAJOIMYHbI
JIOKa3aTe/ILCTBAM COOTBETCTBYIOIIMX TEOPEM JIJI OIIPEIEJEHHOTO WHTErPAJIa

(em. [5]).
Teopema 3.5. Ecau fi(P) u fo(P) unmezpupyemor no £ u
f(P) = fi(P) + a2 fo(P), o« €R, a€R,

mo ¢pynxuyua f(P) makxoce unmezpupyema no € u

/f M_m/ﬁ M+%/ﬁ

Teopema 3.6. Ecau fi1(P) < fo(P) na  u gynruuu f1(P) u fo(P) un-

meepupyemo, no £, mo
/ fi(P)de < / fo(P)dL.
V4 V4

Teopema 3.7. Ecau  f(P) wunmezpupyema u  oepanuvena wa

=inf{f(P): P e (}, M =sup{f(P): P €}, mo

mL < /f(P)dE < ML,

ede L — dauna xpueodi L.
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Teopema 3.8. (Teopema o cpeauem) Ecau f(P) nenpepuena 6 nexo-
mopoti 3amxnymoti obaacmu D, codeporcaweti kpuesyio £, mo na  cyuecmeyem
maxaa mouka P*, umo

[ fpyie=periL
Y4

3.2. BprumcjieHne KPpUBOJWHENHOTO MHTETPAJIA
IepPBOro poaa

PaccMoTpum BOTpOC O BBIUUCIEHNT KPUBOJUHEHHOTO WHTErpaJja mepBOro
pojia B TOM CJydae, KOrja KpwuBas { sIBJISeTCs TUIaJKONH KPUBOi, a (hyHKIHs
f(P) nemnpepsisaa. Hamomunwm, aro kpuBasi  HA3BIBAETCS TUIAJIKOM, €CIH MHO-
YKECTBO TOUYEK £ ONMNUCHIBACTCS COOTHONTEHUSIMI

F=i(t), te[tW ]

rae 7(t) — wmenpepeso jubdepennupyeman na [t t?)]  pynxiua u
|7/ (t)|| # 0. Ormernm, uto Tak Kax mpomexkyTox [t t?)] samxmyT, a [|7/(t)||
— HenpepbiBHas QYHKIMsT, TO

inf [|7(¢)]| = 0.
L. |7 (@) =70 >

HeilcTBUTENIBHO, B IPOTUBHOM CJlIydae, T.e€. IpU i(n)f() |7 (t)|| = 0, na
teft) 4]

npomeskyTke [t 2] cymectsoBana 6ur Touka t*, B Koropoit ||[F'(t*)| =
= (0, 9TO HEBO3MOYKHO JIJIs TJIaIKO KPUBOIA.

Jo cux nop Touka P u BekTOp 7(t) ABIATUCH, TIO CYIECTBY, TeOMETPHYIe-
ckuMu obbekTamu. JIjis BhIYUCIEHUsT MHTErpaJjia HeoOXOMMO TepeiiTn K aHa-
JUTUIECKOMY OMHUCAHUIO 9THX OOBLEKTOB, T. €. BBECTH HEKOTOPYIO CUCTEMY KO-
opaumuar. IIpore Bcero KpuBOJMHEHHBI HHTEIPAJI BEITUCIISIETCST B TOM CJIydae,
Korjta JJid 3ajiauus P u £ UCTob3yIoTesd JeKapTOBbI KOOpAnHATHI. Tak, mycTh
Ha MI0CKoCTH, e 3ajanbl £ u f(P), BBeJleHa JeKapTOBa, CHCTEMa, KOOD/IMHAT
Oxy. Torna ypaBHeHUsT KpUBOi £ UMEIOT BUJI:

7= it) = [e(),y(®)]", te [t )], (3:3)

riae 2(t) u y(t) — meupepsisro auddepennupyemie wa [t 3] Gynxinun u
(@) + (1) =12 > 0.

Ormernm, 4T0 ecsin Kpubas £ 3a/iaHa NeOMETPUYECKH, TO ypaBHeHust (3.3)
He 3aJlaHbl 1 UX HaXO0XKJICHHUE dABJIAeTCd 3aJa4eil, IpeIIecTBYIONel 3a1a1e Bbl-
YUCJIeHNsT KPUBOJIMHEHHOTO nHTerpaJta. s 3agannoit Kkpupoit £ napaMerpude-
ckoe ommcanue (3.3) Becerja He euHCTBeHHO. Hampumep, BepxHsist MOTyOKPY K-
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HOCTb €JIMHUYIHON OKPY>KHOCTU MOXKET OBbITh OIMCAHA, JIByMs Pa3JTUIHBIMK CIIO-
cobaMmu:

T
7= [t,\/l—tﬂ , te|-1,1]; F:[cost,sint]T, t €0, m;

JIEPKO TPEJJIOXKUTH U JIPYTHE CIIOCOObI MapaMeTpPUIeCKOro OMMCAHUST TOW Ke
Kpupoii. [lis nagbHeiiniero BbioepeM Kakoii-HuOy/Ib OJIMH CIIOCOO OITUCAHMS KPU-
BOit £.

O603HaTMM (2, Y) JEKAPTOBBI KOOPIMHATHI TOUKK P, 1 TyCTh, Kak u B V1. 1,
fla,y) = f(P(x,y)).

Paccmorpum kakoe-nnbo pasouenne ¢ Toukamu P;. Kaxkioit Touke P co-
OTBETCTBYET TaKOe 3Ha4YeHue t;, 4TO €CJU Tp, U Yp, — JEKaAPTOBbI KOOPJ/IMHA-
o1 P;, To x(t;}) = xp u y(t;) = yp. Buavennsa t1) u t?) coorsercrsyior
npu 3roMm KoHiam A m B kpupoit £. Bynem cunrarb, 9To Bee t; pa3jaddHbI U
t1) = thy<t1L <...<t,= 2, Torpa 1o uzBecTHO (bopMyJie JIJisi BBITHCICHUS
JUIMHBI JIYTH TOJLY THM:

Al = / V@ ®) + () dt = / 17 (1) dt. (3.4)

3HaunT,
t;

Afz > /Todt = ToAtl‘,
ti—1

e At; = t; — t;_1. Cuegosaresbho, pasbuenue {P;} kpusoit £ nopoxjaer

taxoe pasbuenue {t;} orpesxa [t t?)] uro w = sup |At;| < sup |Al]/rg =
1<i<n 1<i<n

= A/rg, rje | — panr pasbuenusi {t;}, a A — panr pasbuenusi {P;}.
Ucnonbayst Treopemy o cperaeM, u3 (3.4) mosyanm:

Al = |7 () || At
e t; € [ti_1,t;]. Torua

Z fEDAL = Z f (@), y() 7 ()| At

rJie 3HaYeHus t; COOTBETCTBYIOT TouKaM P
Taxum obpazowm, Jjirobasi HHTErpaJibHash CyMMa, JIJIsi KPUBOJUHEHHOIO MHTE-
rpaJia IIepBOro pojia COBIAJAET C CyMMOit

S = Z £ (@), y () 17 (&) | At:. (3:5)
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*

¥, TO OHa fABJIATACH Obl WH-

Ecnu 661 B cymme (3.5) 3uadenus t; coBnajgasu ¢ t
TerpaJibHOIl CyMMO JyIs1 MHTErpaJia

J=/juwwwmwwwt

+(1)

Tak Kak paBeHcTBa f; = ti, B 00OMeM CIydae, He BBITOTHIIOTC, TO CyMMA
(3.5) me sBasiercss uaTerpadbroil. Onrako (3.5) siBisieTcss Tak Ha3bIBAEMO
0000ITEHHO MHTErpaJbHON CYMMO#, ¥ MOYXKHO JIOKa3aTh, 9TO ecJu (DPYHKIUN
f(z(t),y(@)) u ||7'(t)| nenpepbisunt npu ¢ € [tW, 3] 1o [S — J| < ¢, ecin
TOJILKO PaHT W pasbuenns {t;} mocrarouno masn. CremoBaresbHo, ecan A/rg
JIOCTATOYHO MAJIO, TO

> FEPHAL -] <
i=1

Juist siioboro pasouenwust { P} u moboro Beibopa Touek P, mosTomy st Hermpe-
pbiBHO# dyHKIMK f(P) v riajkoil KpuBoit £ cripaBeiyiiBO PABEHCTBO

t(2)
[ 1= [ fape = [ 16000y @0) + G©) w60
Y4 Y4 +(1)

Sameuarue 3.1. [lonHoe oKazaTeneTBo cootHoMeHUs (3.6) mpuBeIeHO,
natpumep, B [1]. 3j1€Cb BbIHYXKJIEHHO OILyIIIEHO ODOCHOBAHUE HEKOTOPHIX yTBEP-
YKJICHUI OTHOCHTEILHO OOOONIEHHBIX MHTEIPAJLHBIX CyMM. MOXKHO HPUHSATD
paBeHcTBO (3.6) B KauecTBe onpejiesieHrsi KPUBOJMHEHOIO HHTErpaJia epBoro
poja Jyisi HerpepbiBHO# byuknuu f(P) u riajgkoii Kpusoii £ B TOM cirydae,
Korjia Jsd onucanus P u f NIpUMEHSIOTCs JeKapPTOBbl KOOPMHATLI. @

Kak 6b110 oTMeueHo, mapamMerpuyieckoe omnvcanue (3.3) Kpupoii £ He eJuH-
creenno. OHaKo J17ts groboro crocoba (ipu ||77|| # 0) onmcamnus ¢ cripaBe/yinBa
dbopmyia (3.6), 4ro cieyer U3 NPUBEJEHHBIX paccyskjenunii. Ecin ke paBen-
cTBO (3.6) MPUHSATO B KAUECTBE OIMpPEJICTICHNsT KPUBOJMHEHHOTO HHTErpaJa, HO

KpHUBasi 3a/jaHa reOMEeTPUIECKH, TO BO3MOXKHOCTDb KMCIIOJIb30BaTh JIIOOYIO Iapa-
MeTrpusanuio { HeobxonuMo JoKazaTh. CJenaeM 3TO B IPOCTERIIEeM CJiydae.

Teopema 3.9. IIycmo

7 =7



— dea napamempuueckur sadanus kpueol L, npuuem t = h(T), 2de h(T) -
makas nenpepwieno duddepenyupyeman npu T € [T, T3] dynryus, wmo au-
6o W'(t) > 0, g(tV) = tW), g(z®@) = t@ au6o W' (t) < 0, g(tM) = 3,
g(t®) = tW . Toeda

Joka3zareabcTBo. [Iycrs Py — kakast-inbo Touka Ha £. Eit cooTBeTCTBYIOT
TaKye 3HAUCHUSI TapaMeTpoB ty U Tp, ITO

rp, = x(ty) = T(T0);  yp, = y(to) = J(To).

Tak kak ty = h(T9), To z(h(1)) = Z(7) u y(h(T)) = (7o) mpm Beex Ty €
e [t 1?)]. [Ipeobpasyem unTerpa

1= [ 1.0y @0) + (o)

t(1)
C TIOMOIIBIO 3aMeHbl lepeMeHHbx ¢ = h(T). [lycrs A'(T) > 0. Torma

(@)

= [ 1@, 50 @) + () 37)



Tak kak T, = 1/h/(T). [lomydentoe paBeHCTBO OKA3BIBAET TEOPEMY JIJTST CJTY Tasd
h'(t) > 0. Ecam ke h/'(T) < 0, 10

(2)
I= [ 1@y @0) + ()

(1)
Tenepb Ta ke caMas 3aMeHa HEPEMEHHBIX IIPUBOJUT TAKxKe K paBeHcTsy (3.7),
2
NMOCKOJIBKY B 910M catyuae \/ (W/(T))” = —h'(1). W

Jamevanue 3.2. B Teopeme 3.9 paccmMaTpuBaloOTCA TOJBKO TapaMeTpr3a-
UK KpuBOil ¢, cBsizaHHbIe cOOTHOMIEHHEeM ¢ = h(T) ¢ MOHOTOHHOI (hyHKIHEIT
h(T). DTO BBIZBAHO TEM, UTO JIJIS 3444, IPUBOJSIIUX K KPUBOJUHEHHOMY HH-
TerpaJry mepBoro poJjia, Takue mapaMeTpusalluy siBIAI0TC Hanbojiee ecTeCTBeH-
HBIMU. ®

[Tycrs Teneps B R? BBeeHB HE JICKAPTOBBI, 8 KaKne-HUOYIIb JAPYyTHe KOOp-
muHate! (&,1). Beemem mononnuTesbHo IeKapToBy cuctemy Koopuuat. Torya
Mexkty apamu dnced (x,y) u (&,1) cymecrByer B3anMHO-OIHO3HATHOE COOT-

BEeTCTBUE.
r = z(&m);
y =y(&m).

Ecsiu B aroM ciyuae kpusast £ 3ajiaHa napamMerpuiecku B koopunarax (&,1),
T. €. ee YPaBHEHUS UMEIOT BUJI:

&= &(7); Te [Tu)’,r(g)]’
n =n(7);
TO €€ ITapaMETPHUYECKUM 3aJaHNeM B JEKapPTOBLIX KOOPpJMHaTaX 6yﬂeT
— — _ T
(1) = [#(0), g(0)]", e[,

P
rie Z(1) = z(&(1),n(7)), 4(t) = y(&(7),n(7)). Kpusosmueitnsiii nnrerpas
MOXKeT ObITh To-TIpeXKHeMy BbluncieH 1o dpopmysre (3.6). B qacrroctu, mycrs
(§,M) — mossipHble KOOPAUHATHI (P, @) U ypaBHEHUS { UMEIOT BUJI:

p=p(T); 1) (2
{(p_(p(T); e [tV 1),
Torpa Z(T) = pcos@ p(t)cos (@(1)), ¥(T) = p(T)sin(@(T)),

&

Z'(t) = p'cos @ — p@'sin@, §'(T) = p'sin @ + pp’cos @ u

f(P)dt =

e\\
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- /f (p(T) cos ((P(T))a p(T) sin ((p(’r))) \/(p’(T))2 + (P(T)@’(T))er.

(1)

3amevwarnue 3.3. Pusnueckuii CMbIC] UHTEI'PAJIA [1EPBOTO POJIA, COCTOUT
B TOM, 9TO STOT WHTETpaJl JIAET pEIIeHre 33J[a9i O BBIUYUCICHUU MACChI (I
3apsijia), pacipe/eJeHHON BJ10Jb KpUBOi £ ¢ jinHeiHo# 1otHocThio f(P). ®

3.3. KpuBoJinHeiHbIII NHTETpaJl BTOPOro poja

—

[lycrs 3amana kpuBas ¢ u BekropHast dhyukius f(P). Ha kpusoii ¢ BbiOe-
peM OJIHO M3 JIBYX BO3MOXKHbIX HAllPDABJICHUN, MHBIMU CJIOBAMU — OJIHY M3 JIBYX
Touek A m B, aBasrommxcs KoHmaMn £, a MeHHo Touky A, B KadecTBe Hadasa
¢, a sipyryto (rouky B) B kadecrse kotua £. Kpubyio ¢ ¢ BbiOpaHHbIM Ha Heil
HalpaBJeHneM OyaeM Ha3bIBaTh OPUEHTHPOBAHHON KpWBOi m obo3naunm £,
a Ty »Ke KPUBYIO C MMPOTUBOMOJOXKHBIM HalpaBaeHneM obo3naunum ¢_. Beemem
takoe pasbuenune {P;} opuentuposannoit kpusoit £, uro Py = A, P, = B u
Pel, yqnai=1,2,...,n—1, rne {;_1 — 9acTb KpuBOil £ C HAYAJOM B TOUKE
P,_1 n xonmom B Touke B. Takoe pa3buenue Oy1eM HA3bIBATH COTVIACOBAHHBIM C
nampasyienneM Ha ¢ . Panr pasouenus {P;} obosnaunm A. Pacemorpum cymmy

n

N (f(P), AL). (3.8)

1=1

— —_
rie Al; — Bektop P;_1P;. Cymmy (3.8) Oy/ieM Ha3bIBATH HHTEIPATBHON CyMMOil
JIUIsl KPUBOJIMHEHOINO MHTErPaJia, BTOPOro pojia.

Omnpenenenue 3.2. ucao I nasvieaemcs KpusosuHeiHbLM UHMELDAAOM
dynryuL f(P) no kpueot L, ecau das mobozo € > 0 cywecmeyem makoe & >
> 0, wmo daa 100020 coznacosannozo ¢ nanpasienuem na o pasbuenus { P},

das womopozo N < O, u ar06020 evibopa movex P evinoaneno nepasencmeo

n

S (fP), AL 1) <&

1=1

Ecau  xpusosunetinod  unmezpas 6mopozo poda  cywecmeyem, Mo

—

dynruua f(P) nasweaemea unwmezpupyemots no Ly, a 04 unmezpaia ucnoso-
ayemcs 0003Hauenue / (f(P), d_é)
y
AcHo, aTo i1t KpuBOii £ COT/IACOBAHHBIM C €€ HallpaBIeHueM pa3oneHnem

oyner pasbuenue { P/}, rne P/ = P,_;, i = 0,1,...,n. dna pasouenunit {P;}

]
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—
kpuBoii {4 n {P/} xpwBoit {_ coorBercTByONIE BeKTOPHI Al; pa3nnaaiorcs
TOJILKO 3HAKOM, [TOITOMY

[ eyt = [ (7)., (39)
. 0y

—

eci, kKonedno, f(P) uarerpupyema 1o £ .

OTrmeTuM, 9TO ¢ PU3NIECKON TOTKHU 3PEHUsT TAKOe ONpe/ie/IeHue MHTErPasIa
COOTBETCTBYET 3aJ1aue BBIYMCICHUsT PAOOTHI CHUJIBI f (P) mpu mepeMernenun mo
KpuBOit £.

s KpuBOJMHEWHOTO WHTErpaJja BTOPOTO POJia CIPaBEJIUBLI TEOPEMDI,
aHAJIOTMYHbIE HEKOTOPHIM TeopeMaM JIjIsi MHTerpaJa 1mepBoro poja. B yacrHo-
CTHU, KPUBOJMHEHHBIN HHTErpaJ BTOPOTO Pojia 00Ja/laeT CBONCTBAMU A TUTUB-
HOCTH U JINHEHHOCTU.

3ajaua BBIUYMCJIECHUST HHTErpaJia BTOPOTO POJa SBJIAETCS B O0ITEM CJIydae
OoJiee CJIOXKHOM, YeM 3ajiada BbIUMCJIEHWST MHTerpaJa mepBoro poja. s ee
pelenns HeobXOMMO, BO-TIEPBBIX, BBeCTH B R KaKyIO-JIN00 CUCTEMY KOODJIH-
HAT W, BO-BTOPBIX, 3aJ1aTh B KaXKJIOW TOUKe HEeKoTOpbIi Oaszuc. Llesecoobpasno
B KadecTBe Oaszuca B3dATh 0a3WC W3 KOOPJAWHATHBIX OPTOB, COOTBETCTBYIOIINX
BBEJICHHOI crcTeMe Koop/imHaT. B rnpocreiitiiem ciydae JIeKapTOBbIX KOOP/IMHAT
TaKo# Oa3uC HEe 3aBUCHT OT TOUYKH — ITO OOCTOATETHCTBO CYIIECTBEHHO YIIPO-
[aeT BbIYUCJICHNEe KPUBOJUHEHHOIO MHTErpaJa BTOporo po/ia.

Urak, mycTs B R? BBeJIeHBI CHCTEMa JICKAPTOBBIX KOODJMHAT Oxy n co-
OTBETCTBYIOIIUI eil ba3uc {;, j} [Tycts ypaBHenue riiajkoit Kpupoii £ nmeer
BUJT

7=7t) = =) +y@t)], te[tD, ). (3.10)
Byjem canrars napamerpusaimio £ (3.10) corsacoBaHHON ¢ HApABJICHN-
eMm ua (., T.e. npegmonoxum, uro F(t1)) = 7y, #(t?)) = 7, tie 74 u 7p

— PaJInyChI-BEKTOPHI, COOTBETCTRYIONMEe ToukKaM A n B. B nanbueiiem Oyem
TAKKe CIUTATH (JIJIST HEKOTOPOTO COKPAITEHUS U3JIOKEHNUST), ITO tM) < ¢t Do
[PEJIITOJIOYKEHNE HEe OTPAHNINBAET OOIHOCTH.

Torma

-~ - -2
Aty = [x(t;) —a(tin)]i+ [y(ti) —y(tin)]g =
re t; u N;;— HEKOTOPBIE TOYKHU U3 [t;_1, t;].
Obo3naunMm t] 3Ha4YeHnst mapamerpa t, COOTBETCTBYIOIIEe ToukaMm P, 1. e.
ey = T(t;).
Paznoxum teneps f(P) mo Beibpannomy basucy {i, j}:

—

(P) = folz,y)i + f,(x,y)].
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[Ipu creTaHHbIX TPEJIONIOKEHUSAX HHTErpaTbHast cyMMa (3.8) CBOIUTCS K CyM-

Me
n ~

> (), y0) 2! (&) + £y (w(t7), y(t)y (B)] At
i=1
SIBJISTOINEiCsT 0DOOIEHHOM MHTerpabHON cyMMOil Jiist (DYHKIUN

S (2 (), y(@)2'(8) + fy (x(t), y(t)y/ (),

cooTercTByiomeii paséuenmio {t;} orpeska [tV #?)]. TlosTomy cnpasemmsa
CJIE/LyIOIAst TEOpEMa.

Teopema 3.10. FEcau (z,y) — dexapmoswvr xoopdunamovr u ¢ — enadkan
kpueas, coomsemcmeyrowas ypasrwernuto (3.10), mo daa unmezpupyemots no

—

U pynxuyuu f(P) cnpasedauso pasencmeo
t(2)

bﬂﬂmj%:/Uuammmym+@@@w@wﬁﬂ@ (3.11)

o ()
ede f, u f, — npoexyuu sexmopa f na ocu Ox v Oy coomsememeeniio.

[TostHOE JTOKA3ATETHCTBO ITON TEOPEMbI IPUBEJICHO, HampuMep, B [1].

Kak u B ciiydae KpMBOJMHEHHOIO MHTEIPaJia IIEPBOIO POJia, PABEHCTBO
(3.11) MoxkeT OBITH IPUHATO B KAIECTBE ONPEJIEJCHIsT HHTEIPAIa BTOPOrO Po-
Ja. B arom citydae, ojiHako, HEOOXOMMO JI0Ka3aTh, YTO 1PU IEOMETPUIECKOM
3aJIaHUN KPUBOIL £, MHTErpaJi

t(2)

l/M@@y@W@+h@@y@W@wt (3.12)

HE 3aBHCHT OT CIMOCODa MapaMerpusalu (CoraacoBaHHoro ¢ fy) KpuBoil .
HeiicTBUTENIBHO, TTYCTH 3aaHbl JIBE MapaMerpusannm £ :

F=r) =)y, te ™ @), W <® (3.13)
F=n(l) =y, el @] <1, (3.14
coryacoBannbie ¢ Hanpassiennem kpusoit, n t = h(t), t) = pb(tW), t@) =

= h(t®).

[Tycrs rakxke h(T) — MmoHnoronHast jguddepernupyemas GyHKIUS.

Tax xak tM < t&) u 1) < 1) 10 B'(1) > 0. Kak u B 3.2, 3amena
nepeMennbix ¢ = h(T) B unrerpase (3.11) npuBOIUT K paBEHCTBY

/[fx(:dt), y(t)2'(t) + f,(x(t), y(t))y' (t)]dt =

o8



@

= /[fx(fc(h(T)),y(h(T)))xi(h(T)) + fy (@(h(1), y(h()))yi (h(T)] W (T)dT =

(1)

KOTOPOE M O3HAYAeT He3aBUCHMOCTH HHTerpasa (3.12) or crnocoba mapamerpu-
3allH.

Ecnu xe mapamerpusanus (3.13) cormacoBana ¢ £, a mapaMeTpU3alust
(3.14) — ¢ £_, 10 Touke A coorsercryior 3nadenns mapamerpos t) u ) a

rouxe B - smavenns t) u 1V, B arom ciyuae suia dynkium h(T) cipaseymBbl
pasencrsa: t) = h(t?)), 1) = (W) u

/ [fx(f(t)ay(t))g;’(t) + fy(x(t),y(t))y’(t)}dt _

<)

— [ (140,902 (x) + fya(0).5(0) (1) d =

= — / [fo(2(7), (7))@ (v) + f,(2(7), 5(0)y ()] dT = — / (f(P), d0),
ety /0

4TO COOTBETCTBYET COOTHOIIEHUIO (3.9).

3.4. Teopema I'puna

Kpusasi £ B onpeneneHnn KPUBOJIWHEHHBIX WHTEIPAJOB MOYKET ObITh 3a-
MKHYTOI. B 9T0M ciiydae Touku A u B (KOHIBI £) COBINAJAIOT U B KAUECTBE
TOYKN A MOXKXHO BOOOIIE B3sTh JI00OyI0 TOuKy ¢. KpuBoianHeiHbIii wHTErpaJs
BTOPOTO pOJia 10 3aMKHYTO# KpPUBO# £ MTPUHATO 0003HAYATH CUMBOJIOM

]4 (F(P). ).
IR

BaMkHyTas kpubasi ¢ pasbusaer 1maockocTb R? Ha JiBe 4acTH: OIDAHUYEHHYIO
gacTh D u neorpannuennyio — R?\ D. Bynem jasee canraTh, 4To HalpaB/eHue
Ha ¢ coryiacoBaHo ¢ D Tak, 9TO Npu JBUKEHUH 110 { B BLIOpAHHOM HaIPABJICHUH
JacTh [ IJIOCKOCTH OCTaeTCs cjeBa.
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KpwuBonuneitnblit naTErpal BTOPOTO POIA (B RQ) 0 3aMKHYTON KPUBOii £
TECHO CBA3AH C JIBOWHBIM HHTerpajoM. CrpaBeIInBo CIeIyioniee YTBEPXK IeHe.

Teopema 3.11. (Teopema I'puna) ITycmv D — ozpanuuennan 3a.MmKHY-
maa obaacmv 6 R? ¢ wycouno-aaadkoti epanuet ¢ v na ¢ 6vibpano nanpas-
Aenue, cozaacosannoe ¢ D. Iycmv dynruus f(P): R? — R? wnenpepvisno
dugpgpepernyupyema na obaracmu D. Tozda cnpasedauso pasencmeo

// <8fy 8;) dS:]{(H(P)Eé): (3.15)
oD

2de [ = fo(z,y)i+ f,(z,y)j; (x,y) — dexapmosw xoopdunamw ¢ R%, {i 5} —
coomseememeyowutl ymum Koopdunamam basuc, a cumeorom 0D oboznavena
opuenmuposannas epanuya {1 obaacmu D.

Joka3zaTeabcTBO. OTMETHM, IIPEXKJE BCEro, UTO J0dasi orpaHuIeHHas
00J1aCTh ¢ KyCOUHO-IJIQJIKOM I'PaHuIleil MOXKeT ObITh pa30uTa Ha, KOHEUHOE TUCTIO
TaK Ha3bIBAEMbIX IIPABUJIbHBLIX 0DJIaCTel.

[IpaBuiibHoit Oy/ieM Ha3bIBATH 00JIACTD, SIBJISIIONIYIOCS OJTHOBPEMEHHO Ipa-
BIJIbHOM oTHOCHTEIbHO ocelt Ox u Oy (cm. 1.4). [IpaBusbroit Oyer, Hampumep,
Jiobast BbIITyKJas 00JIaCcTh € 1VIaJIKOR IpaHUIIEe.

Jokaxkem cHadaJia TeopeMy ['puna ajsa ciaydasd, Korga [ — mpaBuibHas

ornocuresio ocu Oz obnacts u f = fU(P) = fggl)(x,y) + fél)(x,y)f, e
f:gl) = fa, f;l) = 0. Urax, nycrnb

D={(z,y9): a <z <b, gi(r) <y < goa)}.

Ha puc. 3.1 uzobpaxkena obsacrs D u dacTu eﬁ), ff), Bf), ff), Ha KO-
Y y = 9(@) TOPBIE B 3TOM CJIydae pas3dMBaeTcst rpa-
nuna ¢ obnactu D. Hanpapienus ma ZS:),
63_2), ff’), Ef), COrJIaCOBaHHBIE ¢ [, yKa3aHbl
A% A crpenakamu. [lo Teopeme 1.12 cpaBenimBo
PABEHCTBO
— 1
: Y= q1(v) : . afy afgg) o
ol a b L= oy B
Pwuc. 3.1
9 b 92(33)a
:_// fa: / fa:dy ir.
dy
D a 1(z)
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Boraucisgasa BHyTpeHHUN WHTErpaJi, MOy InM:

b

I = —/ [fm(xay)

a

y=g2(x) b
] dr = —/ [fx(af,g2(a:)) — fx(:c,gl(x))] dx.

y=g1(z)

S =
Boruncmam teneps unrerpan ¢ (f (1) dl), koTopbiii COBIIaIAET C CyMMOH TAKNX
by
6(2) 5(3)

f(l) 6(4) . g(l)
»Ke UHTerpaJioB 110 KpusbiM (', 037 03 017, Jlns kpusoii £}’ BO3MOXKHa Takasi
apaMeTpU3allus:

Gr=r) = [ta®)), tela b
Torga o dbopmyse (3.11)

b b

/ (I, db) = — / O g )+ [ 01()gh ()] dt = / Lot 1())dt.

gs_l) a a
(3.16)

. (3
s kpuBoii 5(_) B KadecTBe MMapaMeTpUu3aliuid BO3bMEM:

M r =) = [t g, telab

Torga anangoruano (3.16) mosyunM paBeHCTBO

b

/(f(l),_é) - —/(fm,_é) :—/fx(t,gg(t))dt. (3.17)

o ¥ a

(2)

Hns xpusoit £ BbIOMpaeM HapaMeTpU3aIuio:

(0 7=t =[b.4", e n(b) o).

Torma
92(b)
/ (F0,dly = [ [0, + O, 00| dt =0, (3.18)
£ 91(b)
Touno Tax xe
/(le)) @) — 0. (3.19)
o

+

61



CruasipiBast pasernctsa (3.16)(3.19) momyanm
b

/ (7Y, @) = / ol () — fult, gu(t))] dt = T,

,€+ a
YTO JOKA3bIBAET TEOPEMY B PACCMATPUBAEMOM CJIyUae.
ITycrs Tenepr D — obsacTh, mpaBuiibHas oTHOCUTEbHO ocu Oy, n

f= ﬂZ)(P) = fy(q:,y)f. [Ipumep nogobnoii
06ﬂaCTH n300parkeH Ha puc. 3.2. B arom ciry-

(3.20)

L= // (afy Ofe )dS:
d  ha(y)
0, O\ ay
O e (] e
Pac. 3. _ / [£y(haly). ) — £, (ha (). 9)] dy.

Cc

JIns KpuBBIX Ef) u ff), KaK U B IPEJBYIINEM Caydae, TOJyYUM PaBEeHCTBA

[ = [.d0) o

o o

s ¢y E(f) HapaMeTpU3aIUsIMU B pacCMaTPUBAEMOM Cjydae OyayT:

Torna
d
/ (72 dl) / (F2,d0) = — [ [fO(m(t), 00, + [P (), )¢ | dt =
e ) ¢
p d
_ /f(h1(> )dt /(sz)’7):/fy(h2(t>’t)dt
c ® ‘



CKﬂaﬂbIBaH HaﬁﬂeHHble paBE€HCTBa IIOJIYYHUM M B 3TOM CJIyda€ COOTHOIICHNE

/ﬂ?,d_z> // (8fy Jis )dS. (3.21)

Ecin D — npaBuibHast 001aCTh, TO st Hee CIPABETUBBI OJTHOBPEMEHHO
dbopmyasr (3.20) u (3.21). Tak kax f(P) = fU(P) + f@(P), 1o cknaappas
pasercria (3.20) u (3.21) mosyunm:

(f. dl) = // (% Ofs )dS (3.22)

Takum obpaszom, Teopema ['puna jijist mpaBUIbHON 00J1ACTU JIOKA3aHA.

Haxkomner, myctb obyiactb D mpejicraBiisier coboit 00be/InHeHre KOHe -
HOTO 4YMcJia TpaBWJIbHBIX obsiacteii. Ilo-
KaykeM, UTO TeopeMa ['pruHa crnpabeinBa Y
u Juisd Takoit obaactu D. Paccmorpum +
npocTedmmit caydait, Korma [ gBasgeTcs
oO'beIMHEHNEM JIBYX TPaBUJIbHBIX 00J1a-
creit D1 u Dy (puc. 3.3). O6oznaunm )
Ty 4YaCTh TPaHuIbl [, KOTOPasi BXOJNT ¥
u B rpamuny D, a (¥ — ocrasmryiocs 0 e
qacTh TpaHuIbl D (SIBJSIONYIOCA YacThio
rparurbl  Dy). O6myo rpanuy D u
Dy obosnauum (. Beegem Ha rpanuie D Puc. 3.3
HallpaBJIeHue, corjacoBantoe ¢ D, a Ha KpUBOi £ — IPOM3BOJILHOE HAIIpaBJIE-
rue. Torma u3 (3.22) mus npaBuibHbIX objacreit Dy u Dy mostydum:

) e (e
~ R+ (.. (3.23)

8D1 8D2
C apyroit cTOpoHbI,

- — o — - —
fme):/(,m/me); (3.24)
oD, s A0

o — o — o — - — - —
/( , e>=/< i+ [(F e>=/< , é)—/( q). (323)
aD, 2 o (2 /v



CruasipiBast pasencTsa (3.24) n (3.25) moyunm:

fra+ G =[G+ [ = gD,

dD; dD, /0 2 oD

¥ Terepb u3 paBeHcrsa (3.23) caenyer Teopema ['puna miist obsacru D. Anajo-
I'MYHO paccMaTpUBaeTcs ciydail, Korga [ siBiasiercss oObeuHeHeM TPeX HJIn
OOJIbIIIEr0 YKCIa MPaBUIbHBIX obsacTeii. |l

3ameuarnue 3.4. Teopema ['puna u dpopmysa I'puna (3.15) cripaseimBb
1 JIJis OoJiee MMHUPOKOTO KJracca obJjiacTeil, 4eM Te, KOTOpble YKa3aHbl B TEOpeMe
3.11, HO TO4YHOE olucaHue JIOIYCTUMbIX 00JIacTell BHIXOJUT 38 PAMKHU JIAHHOI'O
u3JlaHud. ®

4. IOBEPXHOCTHBIE NHTEI'PAJIBI

U onpeiesiennsi, u TeOpus MOBEPXHOCTHLIX HHTEIPAJIOB IIEPBOTO U BTOPOTO
POJia B 3HAYUTEJILHON CTEIEHU 110/I00HbI CJIYy4al0 KPUBOJIMHEHHBIX HHTEIPAJIOB.
Kak m KpuBoJimHeliHnble, MOBEPXHOCTHLIE MHTErpaJibl HaXOAAT INpUMEHEeHHe B
reoMeTpun u (PusnKe.

4.1. IloBepXHOCTHBIII MHTErpaJ IMIepBoro pojaa

I[Iycts B mpoctpancTBe R® 3amana HekoTopas IVIafKas MOBEPXHOCTL Y.
Hamomunm, 910 10j r1ajiKko#l MOBEPXHOCTHIO Y. MOHUMAETCsT MHOXKECTBO Tex
(1 ToabKO Tex) Touek P B R3, pajMychl-BEKTOPBI T KOTOPHIX YIOBICTBOPSIOT
COOTHOITICHUIO

7= 7(u,v) = [g.(u,v), g,(u,v), g:(u, ", (u,v) € D, (4.1)
rjie D — orpanudennas 3aMKHyTas 06jgacTh B R?; (1, v) — KOOPJMHATEI TOUEK 13

D, a g., gy, g. — neupepbisno juddepennupyemoie Gynkinu. JonosnurennHo
MpeJIoaraeTcs, UTo JJisd BeeX Todek D

—

[ 7] # 0, (4.2)
rJie

u

Ju’ du’ du v dv’ v’ v
— JacTHbBIE MPOU3BOJHBIE (DYHKIUK 7(U, V) O U U U COOTBETCTBEHHO.

Jljisi r1aJIKOH 1IOBEPXHOCTH Y OLPE/IEJIEHO TOHATHE IJIOMAJHM, KOTOPYIO
ceiiaac Oymem obosuadars |%|. Cormactno dopmyite (1.47)

== /[ mias (43
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[Iycts mama Takxke Hekoropas ¢yukmusa f(P), onpesenennasi, o Kpaii-
Heit mMepe, [Uist Becex Todek Y. Paszobbem moBepxHOCTH Y Ha dactn AoC;, § =
= 1,2,...,n, TaKuM 00pa30M, 4TO JIJIsI KaXKJOi M3 STUX YacTeil ompejesieHa
miomma b |Ao;|. Bygem caurars, aro kaxpoi yactu AG; COOTBETCTBYET TaKasi
gacTh AD; obnactu D, aTo

Ao; = {(z,y,2) € S: (u,v) € AD;}.

Bribepem nponssosibao Toukn P € A0 1 BBIYUCIUM CyMMYy

> fP)las, (4.4

Ha3bIBAEMYT0 UHTErPAJbHON cymMoit st pyukiuu f(P), TOBEpXHOCTH X, Bbi-
OpaHHOrO pa30MeHusl HOBEPXHOCTU X U BbIOPDAHHBIX TOUYEK .

Panrom 3ajianuoro pasbuenusi Ha30BeM YHCIO A = max diam(Ao;).

Omnpenenenne 4.1. Yucao I nasvieaemcs noseprHocmuvim uHmMe2panom
nepsozo poda Pynruuu f(P) no noseprrocmu X, ecau das aoboeo € > 0
cywecmeyem maxoe & > 0, wmo daa 106020 paszbuenua ¢ parzom N, ydosie-
meopaowum nepasencmey N < O, u .arwbozo ewbopa mouex P cnpasedaiueo
HEPABEHCMEO

S HE)AG]— 1| <.
=1

Qynryus f(P) nasweaemea 6 amom cayuae uwmezpupyemot no . s no-
BEPTHOCMHO20 UHMELPAAL NEPEO20 POIL UCTOALIYEMCA 0003HAMEHUE

I://f(P)dcr.

3ameuwarnue 4.1. [ToBepxXHOCTHBII MHTErpaJ IepBOro poja 0003HaAYAETCs
TaK XKe, Kak 1 JBOiHO#I mHTerpas. OObIUHO 13 KOHTEKCTa ObIBAET SICHO, O KAKOM
13 HUX WJET pedb. Mcnonmb3oBanue e JiJisd 9TUX UHTErPAJIOB OJIHOI0 0DO3HAIe-
HUsl OOYCJIOBJIEHO TE€M, UTO IOBEPXHOCTHBIH MHTErpaJl 11epBOI0 POJia SIBJISIETCs
0000ITIeHnEeM TIOHATHUS JIBOMHOIO MHTErpaJia U CBOJAUTCS K HEMY B TOM YaCTHOM
ciaydae, korga g, (u,v) = u, gy(u,v) = v, g.(u,v) = 0; B 3T0M Citydae T = u,
Yy = v U X — JacTb miockoctu z = 0, coBmaatomas ¢ D. e

CBoiicTBa MOBEPXHOCTHOI'O MHTErpaJa IePBOr0 POJia AHAJOIMIHBI CBO-
CTBaM KaK KPUBOJUHEIHHOIO HHTErpaJia IepBoro poja, TaK 1 JIBOMHOIO HHTEI'Pa-
ja. B gacTtHOCTH, JIJIsi TOBEPXHOCTHOI'O MHTEI'PaJia IIEPBOI0 POJia, CIIPABE/JIMBbI
TeopeMbl, aHaJlorn4dHble Teopemam 1.1-1.9.
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,ZLJIH BBIYHUCJICHU A ITOBEPXHOCTHOI'O HMHTEI'DaJla OTMETHUM, 9YTO B COOTBET-

creun ¢ (4.3)
sai = [ [Nl las
AD;

-/

=/
7", U T, HEIPEPbIBHDLI, TO II0 T€OpeMe O CPEJIHEM JId

Tak Kak (pyHKIUH T
JIBOMHOTO MHTErpaJa

|Ao;| = H (Ui, 07), T;(/&’ia@i)} H |AD;],

rie (U;,v;) — Hekortopas Touka w3 AD;. Oboznaunm ), v} 3HAUEHUS mapa-

METPOB U U , COOTBeTCTByIOH_H/Ie touke P, 1. e. nyers f(PF) = f(af,yF, 2)),

:Uj_gl’( )yz_gy( 17 Z)Z_gz(u U)
TaKI/IM o6pa30M vHTerpaibHas cymMma (4.4) Moxer ObITh 3alcata B BUJIE

Zf w2 [F i 0.7, i 9] || AD

T. €. sBJISIeTCS 0606meHHOI/I UHTErpajJbHOl  CyMMOR Jjisgd  (DyHKINAK
f (g2 (u,v), gy(u,v), g-(u,v) )H[ (u,v), 7, (u,v)] ! u obsactu D. MoxHo Tak-
JKe JIOKA3aTh, YTO €CJIM paHr A pa86I/IeHI/I$I MOBEPXHOCTH X JOCTATOYHO MaJl, TO

U paHr QL = 1{1852 diam(AD;) coorBercrBytomiero pasouenust obacru D Oyjer

Tak»ke MaJibiM. [loaroMy cripaBejiiinBa CJiejlyIolas TeopeMa.

Teopema 4.1. Ecau X — 2nadkas noseprrocmy, 3a0a64EMaA COOMHOULE-
nuem (4.1), a dynryua f(P) nenpepwena 6 samruymot obaacmu ), codep-
olcauiets X, mo

//f dcr_/fgxuv gy(u,v), gzuv)H[ u,v) uv]HdS

(4.5)

OcranoBuMcs moJipoOHee Ha BayKHOM JaCTHOM CJIydae, KOrjia MOBEPXHOCTH
Y} siByisiercst 9acThio rpaduka auddepennnpyemoit dyukimn g(x,y) gekapro-
BBIX KOODJIMHAT X, %Y. B 3TOM cilydae B KadecTBe MapaMeTpuiecKoro 3aJauns .
MOXKHO TIPUHSATH

—

7 =(x,y) = [y, 9(x,9)]", (2,y) € D.

Torma . .
-/ a . =/ = @
r=T [1 0, 8x] X y =Ty = {0’1’8y] ;
ond Al | ag ag g g ag ? ag ?
[Tuvrv} = [_%7 ay 1] ) H [Tuarv] H - \/1 + (%) + <a_y>



CieioBaresibHO,

//f dG//fxyga:y))\/l (gi) +<g§> drdy.  (4.6)

ITpumep. Borauciaum miormiaap nopepxuoctu cdepbl Sp paguyca R, mpu-
mensist bopmyay (4.5). Bosbmem napamerputdeckue ypaBHenus ¢hepbl B BUJIE:

7 =7(p,9) = [Rcoscpsinﬁ,Rsin(psinﬁ,RCOSS]T

(@, 9) eD={(¢,9):0< @ <2m 0<D <}
Tora

—/

o = [—Rsin @sind, Rcos @ sind, O]T ,

7l = [Rcos @ cos 9, Rsin @ cos 9, —Rsind]" ;
[f” 7?1’9} = [_RQ cos @ sin® ¥, — R? sin ¢ sin® ¥, — R? sind cos 19] ! ;

(P’
H [F'(p,ﬁ,] H = R%sin9;

27 T
S| =//da=//stmﬁd(pdszRQ/dcp/sinMszsz?.
Sr D 0 0

2. J/IByXCTOpOHHUHE M OTHOCTOPOHHUE
TMMOBEPXHOCTH

[TycTs mo-mpexkaemy B R? 3a7ana r1a/1Kas HOBEPXHOCTD Y, OMHCHIBAEMA
apaMeTpPUIeCKUMU YPABHEHUSIMHI:

—

r= F(uv ”U) - [gx(ua U)) gy<u7 ’U), gZ(uv v)]T J (uv U) €D.

=/

Bektop N = [ W rv] SIBJISIETCS BEKTOPOM, OPTOI'OHAJIbHBIM K ITOBEPXHOCTH .

(em. 1.8). B cuny ypauenus (4.2), N # 0. Hycrs iy = n(u,v) = Lq]\7 —
IV
BEKTOP €IMHUIHOM HOPMAJIM K IIOBEPXHOCTH Y B TOUKE C JEKAPTOBLIMU KOOP/IU-
HATAME (gx(u,v),gy(u,v),gz(u,v)). OTMeTuM, 4TO HAPSALY C 714 , €IUHAIHLIM
BEKTOPOM, OPTOIOHAJILHBIM K X5, sIBJISIETCSI TAKXKe U BeKTOp 1 = —1i, . Takum
00pa30M, B KaxKJ0il TOUKe Y OIpejiesieHbl 2 B3aUMHO IPOTHBOIOJIOKHBIX €11~
HUYHBIX HOPMaJIbHBIX K Y BeKTopa. [Ipu srom kaxjiast u3 GyHkiuii 7 (u, v) u

n_(u,v) HempepbiBHa B obgactu D.
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Ilycrs £p — riajikast 3aMKHyTasi KpuBasi, JiexKainas B obsactu D, mapa-
METPUYECKUMU yPABHEHUAMU KOTOPOH ABJIAIOTCH:

u = h1(t)§ 1
lp t e [tM 2,
Y {U_h2(t); Sl

Tak kax £p zamxnyra, 10 hy(t1)) = hy(t®) u ho(tW) = hy(t?). Kpusoii £p
COOTBETCTBYET KpuBas {g ¢ TapaMeTPUIECKUMU yPABHEHUSMHU:

ls: 7= 7(t)=[g:(ha (1), ha(1)), g (ha(8), Pa(t)), 9= (a (1), ha())]', ¢ € [tV ),

nexkamag na nosepxuoctu ¥, Tak xax 7(t()) = 7(t?), To kpupas £g Taxxke
3aMKHYTA.

st Touek kpuoit (g dbyukuuu 7y (u,v) u 7_(u,v) SBISIIOTCI Hempe-
poisabiME byHKIUAMI T4 (hy (1), ho(t)) w 1i_(hy(t), hao(t)) mapamerpa ¢ npu
t € [tW, +?)]. D10 o3mauaer, B UACTHOCTH, UTO ONPEIEICHBI BEKTOPDI

Al =i, (b (tW), ho(tW)) = lim i, (ha(t), ha(t)),

t—tM+0

iy =ity (), ha(t?)) = i Oﬁ+(h1(7f), ha(t))
1 anasornambie sextopsl 710 u 7 s byHKimn n—(hi(t), ho(t)).
OKasbIBaeTCsl, HECMOTPsI Ha TO UTO JiJIs 3aMKHYTOI KpUBOii £ BBITOJIHS-
OTCSI DABEHCTBA

hi(t) = lim hi(t) = h(tP) = lim hi(t), i=1,2,

t—tM 40 t—t(2)—0

(1) (2)

PABEHCTBO 7, = T, MOXeT ObITh HE BBIOJHEHO.

B kauecTse NpocTeiiiero reoMeTpuieckoro IpuMepa TaKoi CUTYaIun IIPU-
BeJIEM TOBEPXHOCTh Y.y, Ha3bIBAEMYIO Aucmom Mebuyca, noaydaionyocs ,3a-
KPy4YUBaHUueM " Ha yIroJl 7T ¥ TOCJIELYIONUM CKJICUBAHUCM GbUMAHYMO020 TPAMO-
YTOJILHUKA.

[TapaMeTpudeckue ypaBHEHUST Y.y MOXKHO 3aIllUCATL B BUJIE

t t t1"
r=71(t,s) = |Rcost + hscostsini, Rsint + hssintsin 2 shcos§ ,
(t,s) e D=A(t,s) : 0<t<2m —1<s<1}.

3 reomerpudeckoro onucanusi jincra Meéduyca siCHO, 4TO Yijy SIBJISETCS TJIaI-
KOl TTOBEPXHOCTDHIO (9TO MOXKET ObITh JIOKA3AHO W AHAJUTHIECKH C UCIIOIH30Ba-
HUEM YKa3aHHBIX [apaMEeTPUIECKUX YDaBHEHUH 2y ).

Kpupas ¢ ¢ napaMeTpuiecKuMU ypaBHEHUSIMI

(: 7 =7(t) = [Rcost, Rsint, 0", te[0,2m],
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SIBJISICTCS OKPY2KHOCTBIO pajuyca R B miockoct Oxy. DTa OKPYKHOCTD, OUe-
BUJIHO, €CTh 3aMKHYTasl KpUBasi, KOTOpasi JIEXKUT Ha HOBEPXHOCTH Xys (€if co-
OTBETCTBYIOT T€ TOUYKHU X7, JJist KOTOPBIX s = ().

st ioBepxHOCTH XJ)f

[ t 1 t\] - .
—Rsint + hs (—sintsin§+§costcos§> hcostsinf
- t 1 t - . .
= Rcost + hs (costsin§+§sintcos§> ;T = hsmtsm§ ;
t
1 t Z
——shsin - hicos 9
. 2 2 - - -
B Rhcostcos(t/2) + h?ssint(1 + cost)/2
N = [}, 7] = | Rhsintcos(t/2) + h%s(sin®t — cost)/2 | ;
—Rhsin(t/2) — h2ssin®(t/2)
IN|1? = h2(R + hssin(t/2))” + h's?/4.
st rouek kpuBoit £ Buinosnenst pasencrsa: s = 0, || N|| = Rh u, suauur, na ¢
T
iy = iy (t) = |cost intcos, —sin -
= = |costcos—, sintcos—, —sin—
4 4 27 27 9 )
103TOMY
(1) g — o T . -(2) . — T T
ny —tgrfon+(t) =1, 0, 0] ; 7 —ti12r7?_0n+(t) =[-1, 0, 0] .

Takum oOpaszoMm, JJisd HOBEPXHOCTH S); U KPUBOi £ ﬁf) =+ ﬁf).

(2) _

OrmeTnM, 9TO B pACCMOTPEHHOM MTPUMEPE BBITTOJHSIETCS PABEHCTRO 17, =

= np = —nfr >, YTO SIBJISIETCS YACTHBIM CJIyYaeM CJIeJyIONIero o0Iero yraep-

JKJIGHUS: JIJIsI JII00OH TJIaJ KON ITOBEPXHOCTU X ¥ JIOOOH TV KOi 3aMKHYTOM
. . (2 (1

KpUBOi £, jiexKalaii Ha Y, BO3MOXKHBI TOJBKO 2 ciydas — Jubo nJ(r) = ni),
(2 (1

J100 n( ) — —nJ(r ). OTH JiBe BO3MOXKHOCTHU Pa3JIeJIsIIOT IVIaJKie IIOBEPXHOCTH B

R3 Ha JIByXCTOPOHHME U OJJHOCTOPOHHUE. II0BEPXHOCTD X HA3BIBACTCH J[BYXCTO-
pOHHeit, ecyin ﬁf) = ﬁf) JUUTS JTI000# IJIaJIKOM 3aMKHYTOM KpUBOii £, Jexkaleit
Ha Y. Ecan ke ma X cymecTByer riajikast 3aMKHyTast KpuBasi £, JJ1sl KOTOPOi
ﬁf) = —ﬁf), TO TIOBEPXHOCTH Y, HA3bIBAETCS OJHOCTOPOHHEH; B 4aCTHOCTH,
smer Mébuyca, sBISeTCS OJJHOCTOPOHHEH MOBEPXHOCTHIO B R,

3ameTnm, 9TO B CIydae OJHOCTOPOHHEH TOBEPXHOCTH X JIJIsT HEKOTOPHIX
KPUBBIX £ Ha Y MOXET BBINOJHATHCS U PABEHCTBO ﬁf) = ﬁf) (B KauecTBe
yIpayKHEHUsT TIPUBEUTE IPUMEp Takoil KpuBoii Ha yncre Mébuyca).

Tlist ryiaJikoit JIBYXCTOpPOHHeil nosepxHoctn % B R3 B Kaxk10it Touke P €

€ X onpejiesieHbl 2 B3aUMHO ITPOTUBOIIOJOXKHBIX BEKTOPa €IMHUYIHBIX HOpMaJiei
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ny(P) u n_(P) = —n.(P), npuuem dyuxrmmu 74 (P) u 7i_(P) HenpepbIBHbI
B KaXKJIoW TOuke P ¥ HenpepbiBHbI Ha KaXXJOW IJIaJIKON 3aMKHYTOW KPUBOIi,
Jiexkarein Ha .

B nagnbueiiiem OyjemM paccMaTpuBaTh TOJBKO JIBYXCTOPOHHUE MTOBEPXHO-
CTU.

4.3. IloBepXHOCTHBIII MHTErpaJ BTOPOTo poja

[TycTh 3a/1aHbI IBYXCTOPOHHAS TOBEPXHOCTD Y M HA, HEil BeKTOpHaA (DyHK-
st [ (P). g moBepxuoCTH Y BhIOEpeM ojiHY U3 jBYX dyukuuii, 1 (P) win
n_(P), 3ajatonux HopMaJb K X B Kax/0i Touke P € 3. Kak yxe ormeua-
JIOCh, KazK ias U3 3TUX (PYyHKIMI HellpepbiBHA Ha Y. [[oBepXHOCTDH X ¢ 3a/jaHHOM

Ha Heil dyukuuein 7(P) Gyjem Ha3bBATL OPUEHMUPOSAHHOT IIOBEPXHOCTHIO U
obosnadarh %, (B caydae n(P) = 1 (P)) wm X_ (npu 7(P) = n_(P)).

Bribepem paszbuenue moBepxHocTH X Ha 9acTu Aoy, ¢ = 1,2, ..., n, TOUKH
P’ € Ao; n paccMOTPUM MHTErPAJIbHYIO CyMMY

n

> (f(P),i(P)) | Ay,

1=1

rje |AO'Z-‘ — wioma/b dactu AQ; HOBEPXHOCTH Y. DTa MHTErpaJbHas CyMMa,
COOTBETCTBYET CJICJYIONEMY MOBEPXHOCTHOMY MHTErPaJly IEePBOTrO POJA:

/ / (f(P),7(P))do.

Onpenenenne 4.2. [loseprrocmmvim unmezparom 6mopozo poda hymk-

—

yuu f(P) no opuenmuposanmnoti nosepruocmu 3y HaA3b6AEMCA YUCAO
1= [[ (fP)(P)do
by

amom urmeepan 0bo3navaemcsa 00vUHO Max:

1= [[ ey.as),

Wrak, wHTErpas BTOPOro POJia CBOJUTCS K TMOBEPXHOCTHOMY HWHTErpaJly
MEPBOTO POJIa CEeNUAJLHOTO Buia. V3 onpenenenns sgcHo, 9To

J[ e = [[(F.d9),
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Tak Kak 14 (P) = —n_(P).

PaccMoTpuM BOIIPOC O BBIYUCICHUN TTOBEPXHOCTHOIO MHTETrPaJia BTOPOTO
pojia B TOM cCJiyuae, KOrJla ypaBHEHUE IMOBEPXHOCTHU X B JIEKAPTOBBIX KOOP/IU-
narax nMmeer B 2 = ¢(z,y), (x,y) € Dy, u f= f(l) = [O,O,fz(:v,y,z)]T
[ToBepxHOCTH Y B 9TOM Cjiydae siBJIsieTCst 9acThio rpaduka Gyskmun g(z,y),
aekaieit naJi obnacroio Dy, Takoe 3aanue Y BO3MOXKHO B TOM cJlyudae, KOIJia
>} OJHO3HAYHO OPTOTOHAJIBLHO IIPOEKTUPYETCS Ha, MI0CKOCThL Oxy).

OrMeTrM, YTO MOBEPXHOCTH X, 3aJaHHasl YKA3aHHLIM 00pa30M, SABJISIETCS
JIByXCTOpOHHEH. B KauecTBe BEKTOPa HOPMAJIN K 2 MOXKHO B3sITh OJIMH U3 JIBYX
BEKTOPOB, ]\7+ win N_:

- (99 dg r
Ny =+ —, 1] .
- [ ox’ oy’ ]
I[Ipu srom (NJr,k) — 1 B kax0i Touke 2, a (N_, k) = —1. D10 o3uauaer,

YTO BEKTOP N+ obpasyer ocTphlit yroJ ¢ ocbio Oz, a BEKTOD N_ - TYIION YTOJI.
Takum 00paszoM, MOXKHO CKa3aTh, YTO BLIOOD Ha X BEKTOPA N+ B KauecTBe HOP-

uc( e ((

MaJii COOTBETCTBYET BhIOOPY ,,BEPXHEH* CTOPOHbBI X, a BbIOOp N_ — | HUXKHEI
CTOPOHBI ..
Paccmorpum, Hampumep, noBepxHoctbh Y. (1. €. X ¢ HopMasbio N, Ha

uneit). Torma

1 = 1 dg  Og g
N, = 9999
{ oxr’ Oy’ }

Tax xak f, = f, =0, T0

(]Fa ﬁ) - fz(a:7 Y, Z)

—1/2
0 dg\°
A ,
oz oy
HOSTOMy B paCCMaTpHUBacMOM cnyqae

el e

Ucnonbyst popmyity (4.6) Jiist BBIYMCJICHUs TOBEPXHOCTHOIO MHTErPAJIa, T1ep-
BOI'O PO/Jia, OJYIUM:

f(,y gl y)dedy, fU = fo(z,y, 2k (47)
[

:vy
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rae X = {(x,y,z): Z = g(xay)a (ZE,y) S Dacy}
AHaJIOrMYHO, €CJIM B JIeKapTOBLIX KOOPJMHATAX MOBEPXHOCTH Y 3aJaeTCsl
YPABHEHHEM Y = h(m z), (z,z) € D,,, B KadecTBe X, BbIOpaHa ,IpaBas‘

cropona X u f = f@ = fy(x,y,2)7, 1O

//(f@%%):/ fo(x h(z, 2), 2)dedz,  fO = f(2,y,2)],  (4.8)

Z+ D(EZ

rie ¥ = {(z,y,2): y = h(z,2), (z,2) € D,.}.
Hakonerr, eciin B JIeKapTOBLIX KOODJMHATAX Y. 33JlaHA yDABHEHUEM X =
=p(y.2): (y.2) € Dy, B~ nepeansia® cropona X u f = [ = f,(z,y, 2)i,

TO
Z/!( //fx p(y, 2),y,2), )y dz,  f® = fo(x,y,2)i,  (4.9)

yz

e ¥ = {(v,y,2): v = p(y, 2), (y,2) € Dy }.
IIpe/ii10J102KUM Tellepb, YTO HOBEPXHOCTh % OJIHO3HAYHO IIPOEKTUPYETCs]
Ha Bce 3 koopjuHarubie mwiockocru Oxy, Oxz u Oyz, a f = f.(x,y, 2)i+

—l—fy(:z:,y,z)f+ fa(z,y, z)E Bribepem, namnpumep, ,,BepxXHIOI® CTOPOHY X, U

ycTh OHa OyJIeT B TO Ke caMoe BpeMsi W ,IIPaBoii”, u ,epejHeii” cropoHaMu
Y. Torya u3 pasencrs (4.7)-(4.9) nonyamnm:

//(fjdc //fxxy, zdc //fyxy, )+
Xy
+//(fz($;yaz)]g, G) :/ fx(p(y,z),y,z) dydz +

+/ fy(z, h(z, 2), 2) da:dz+/ f(x,y,g(z,y)) de dy. (4.10)

sz ny

Ec/n »ke moBepXHOCTH X He 00J1a/JaeT YKa3aHHBIME CBOMCTBAMM, HO MOXKET
OLITH pa3buTa Ha KoHewHoe 1nciIo dacreit LF) kaxias U3 KOTOPBIX OIHO3HAM-
HO IIPOEKTUPYETCs Ha KOOPIMHATHBIE IIJIOCKOCTH, TO TTOBEPXHOCTHBIN MHTErpaJ
BTOPOI'O POJIa MOXKET ObITh BHIYUC/IEH KaK CyMMa MHTEIPAJIOB 110 BCEM YaCTSIM
(k) (IOCKOJIBKY MOBEPXHOCTHBIN MHTErPaJl BTOPOrO POJia MMEET CBONCTBO aji-

jrusHOCTH); st Kazk 1ot L) unrerpan B sTom caryuae Berauncisercs mo (op-
myse (4.10).
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4.4. Teopema I'aycca—OcTporpaackoro

Ec/in moBepxHOCTD X 3aMKHYTa, TO COOTBETCTBYIOIINH ITOBEPXHOCTHbBINA WH-
TerpaJi BTOporo pojia 00bITHO 0003HATAETCs TaK:

f (7.0

Ny

3aMKHYTOI TTOBEPXHOCTHIO sIBJISICTCSI, HATIPUMEp, TPAHUIIA, BBITTYKJIOH 00JacTu
B R3. OTmernm, 9TO 3aMKHYTas MOBEPXHOCTD SBAAETCA NBYXCTOpoHHEH. [To-
BEPXHOCTHBIIl MHTErPaJl BTOPOro POJIa 110 3aMKHYTOMN MOBEPXHOCTH MOXKET ObIThH
CBEJIEH K TPOHHOMY MHTErpaJy (aHAJOTHIHO TOMY, YTO KPUBOJMHEHHBII MHTE-
rpaJ BTOPOTO PoOJia MO 3aMKHYTOW KPUBOW CBOAUTCA K JBOMHOMY WHTErPAJy
B coorBeTcTBUE ¢ Teopemoil ['puna). st hbopMysTHpPOBKE COOTBETCTBYIONIETO
YTBEPK/JIeHNUs 11eJ1eco00Pa3HO BBECTH CJEYIOINIee ONpejieeHye.

Onpepnenenue 4.3. [lycmv (x,y,2) — dexapmoss. xoopdunamo, ¢ R3 u
f(x,y,2) = fulz,y,2)i + fy(z,y,2)) + fo(2,y,2)k — nenpepuieno dugdidpepen-
yupyeman 6 mouke P(x,y,z) eexmopnas ¢pynruus. Jusepzenyuet dynruuu
f 6 mouxe P masvisaemcs svipasicenue

r afx afy + afz

divf = Ox + oy 0z’

2de 6ce wacmmovie np0u3600Hme goluucaensv, 6 P.

Teopema 4.2. (Teopema TI'aycca—Ocrtporpaackoro) [Tycmo §) — 3sa-
mEHymaa obaacmo 6 R, oepanuvennas 2aadkoti 3aMEnymoti noseprnocmuyio
Y, a Xy — no6eprnocmy X, OPUEHINUPOGAHHAA MAK, WMo 6 Kaxcdol ee mou-
Ke 6bl0pana HopMat T, AGAAOULBACA 6HeuHet no omuowenuo x obaacmu S,

ITycmoy maxorce pynruyua f(P): R3 — R3 nenpepuieno duddepenyupyema na

oonacmu ). Tozda
{f (7.5 - /Q [ [ awrav (411)

Sy

Jloka3zaTeabcTBO. Jli0bas orpaHnyenHas 00JacTh C IVIQJIKON I'paHMIei
MOXKeT ObITH Pas30dUTa Ha KOHEUYHOE UMCJIO NpaBUIbHBIX obsacreii. ObaacTh {2
HA30BEM IIPABUJILHOM, €CJIN OHA SIBJISETCS IPABUILHON OJTHOBPEMEHHO OTHOCH-
tesibio 1iockocreil Oxy, Oxz u Oyz (obaacTu, NpaBUIbHBIE OTHOCHTEIHHO
KOODJIMHATHBIX TIJIOCKOCTEH, OIpeIeeHbl B 2.2).
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[IpaBusibHO#t Oyjier, Hampumep,

ﬁf) J00ast BbIIYKJast 00J1acTb ¢ 1JIaJKOM
z [ == rpannteii. Jlokaxkem cHavasa Teo-
22 pemy Taycca—OcTporpasickoro s

4N a -
Q [ caydasi, KOrja TPABUJILHAS
n® oTHOCUTeNbHO myockocTH Oxy  00-
P - = — — 1 —
\\-D;By/ JaCTb U f = f( )(P) = fZ(x7y7Z)k
0) —=— Ha pwuc. 4.1 wusobparkenbl obJiacTu
v QO 1) v 56
= , Dy w owactm X7, XU XY
T Y + (¢ yKkasaHHbIMM HA HUX HOpMA-
Puc. 4.1 JI?{MI/I), Ha KOTOPbIE B ITOM CJIy4dae

(1)

MOXKeT OBITh pa30uTa rpanuia X obmactu ). EcrecTBeHHO Ha3BaTh M)~ HUXK-
(2) (3)

Heil rpanuteit (2, X’ — BepxHeil rpanureit, a X’ — OOKOBOIl.
[To cBOViCTBY aJIMTUBHOCTH TTOBEPXHOCTHOI'O MHTETPAJIa,

ﬂ f,do) = // do)+//(f(1>,%)+//(f<1>,%). (4.12)

£ @) 5@

(1)

PaccMorpuM noBepxHOCTHBII MHTerpaJ 1o . . YpaBHeHue >M pmeer

Buj: 2 = ¢1(2,y), (z,y) € Dyy. Just nopmasn N® nonyunu:

= 0g1 Og g
N =+ |22 22 1] .
[83}’ oy’ }

Tak Kak BHeIIHsIs 110 oTHOmeHHo K ) nopmain 1Y obpasyer ¢ ocbio Oz Tymoi

yTOJI, TO
- —1/2
ﬁ(l): Nil) 1+ agl _|_ % i % % -1 '
THCT ox Dy 9r’ Dy’

9a\? 90\ ? ~1/2
ry (1 1 1
" (f(l)ﬂh(—)) = _fz(xa%Z) [1 + <%> + (a—y> ] . llosromy B coOT-

) 90\
g1 a1

1 o1 _
() ()]

_//fz(xnyagl(xvy>)ds' (4.13)

BercrBuu ¢ Gopmysnoi (4.5)

[0 - [[ 1.2

Eg_l) (1)
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(2)

AHaJIOrMYHO J1J1s TOBEPXHOCTH X

Y dga  0go g
N® =4 |22 22 1]
[ax7 ay? :| Y

dg2 ’ dgs ’
v (5) + (5)
—-1/2
dgs dgs ?
1 _J“ .
ORI
—-1/2
992 092 ? o
H(ax) +(8y)] do —

- / £ (2,9, 92(, y))dS. (4.14)

~1/2
392 892 1 ! )
dx’ Oy’ ’

(FO, 7)) = f.(z,y,2)

Jf - [ 10

5@ =)

Hakouerl, na 1oBepxuocTu Z(f’) nopmasn N @) oproronasibua BekTopy k.
3Hauur, (f(l),ﬁf’)) =0wu
/(f“),%) = 0. (4.15)
I

Takum obpazom, u3 pasencts (4.12)—(4.15) nosyqaewm:

ﬁ(f o) // (e, 922 9)) — Fo(, 9, 01z, )] dS. (4.16)

2, Y

" Y z .
C apyroit croponst, divf () = =22 i o dopmysie BBITHCICHHES TPORHOTO

0z

HWHTEr'paJia B JEKaPTOBbLIX KOOPJHNHaTaX IIOJIYIHUM:

J[f e = [ff e seavic= [ o5 /’yMpdz

:// [f-(z oy, g1(2, ) = f-(z,y, 91(z, )] S (4.17)

Tenepn u3 pasencrs (4.16) u (4.17) caeayer coornomenne (4.11) jyist npaBusib-
HOM OTHOCHTEJbHO ockocTn Oxy obmactn Q u f = f 1)
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Touno Tak ke ycramaBiuBaeTcss paBeHcTBO (4.11) m B Tex ciydasx, Ko-
ria © npaswibia ornocurennio Ozz n f = f&) = fy(z,v, z); i Koraa §2
npasuwibHa orHocuTebio Oyz u f = f8) = fol,y, 2)i.

Torma a5t npaBuibHON obstacTn ) cripaBeJ/IMBbl PABEHCTBA!

E//(fﬂ),%) /Q//divf(l)
// . do) = ///dlvf
// . do) = ///dlvf

Tak xak f = f ) + f + f , TO, CKJIQJIBIBAS 3TH 3 PABEHCTBA, MOJYINM:

//fdo ///dlvfdv

z Takum oOpasoM, yTBep)K/JIeHUE Teope-
MbI ['aycca—OcTporpaickoro J0Ka3aHo
1 2 o
n n® JUIST IpaBUIILHOM obstacTn €).
IIycTb Teneps obsacts ) pazdbura,
ryra Kol mosepxuoctThio I Ha JiBe mpa-

o BuJIbHBIE OOsacTh: U u (g (puc. 4.2).
y Y Ob6myo rpanuiy 2 u 2 obo3HAUNM
Puc. 4.2 S a obimyio rpammiy Q u Qy — 23,

Torna

/// divfdV = ///divfdv+///divfdv; (4.18)
Q &0 o)

///dlvfdv // 7,39) + //ff (4.19)
///dwfdv // f.do) + //fc? (4.20)

(1)

rjae I'y ()

— OPUEHTUPOBAHHAS TTOBEPXHOCTD I ¢ HOpMaJIbIO 7, 7, BHEIIHEl 110 OT-

(2)

HomeHuio K {1y, a I'Y” — Toxke opueHTHpOBaHHAsA TOBEPXHOCTD ', HO ¢ HOpMaJIBIO
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- (2) W _ =@

n,’, BHelHeil o orHomennio K (ly. fAcno, uro nny’ = —n.”, u nosTOMYy
/ f dG / f d(r
(m)
F+

CkuasipiBast terephb pasenctBa (4.19) u (4.20), noyanm u3 (4.18) dopmyny
(4.11) pyist paccmarpubaemoit obsiactu ). fcHo, UTO aHAJOrMUHBIE PACCYK-
JIeHUs NPUMEHUMBI U B cjaydae, Korja () paszbura Ha J11000€ KOHEUHOE UHUCJIO
1paBubHbIX oOsacTeil. Wl

4.5. VIHTerpupoBaHHE IO YacTaM B R?

Teopema [aycca—OcTporpaicKoro mo3BoJisgeT MoJyIUTh (POPMYITY, SABJISTIO-
nyfocs B ciaydae npoctpancTsa R anasorom hopMysibl WHTErPUPOBAHUS 1O
JacTsM JJIg OOBIYHOTO ONpejiesiIeHHOro wHTerpasa. [lycts () — orpanmdennas
obnacts B R3 ¢ roagxoit rpanuneit ¥ u g(P) u f(P) = fu + fijr fok -
HerrpepbiBHO Jaud depennnpyembie B ) dynkiuu. Torma

= O(gf:) 0(gfy)  O(gf.) Og
iv(gf) = o T 5 + =

9 dg

—

Of. Of,  0f\ o
%—g((9 + Dy + 82) = (grad g, f) + g divf.

Ucnonb3yst pasercrso (4.11), oy dum

///gdwfdv ///dw gf)dv — /// sxad g, ) dV —
[ o v [for @ == ][] s

Q
+//9(fj M) do /// gradg,ﬂdv+//gfnd6, (4.21)

rie fn, = (f,74) — mpoekIust BeKTopa, f Ha HaIpaBJieHre BHEITHe 1151 00J1acTu
(2 HopmaJu 14.
Dopwmyita (4.21) HasbiBaercst (bOPMYJIO MHTEIPUPOBAHUS IO YACTIM B R3.

4.6. Teopema Crtokca. Porop

PaccmorpuM B R3 171a/1Ky10 OpHEHTHPOBAHHYIO TOBEPXHOCTD Y4, IEJINKOM
JIeKalyIo B orpanndennoii oomactu §). O6oznadnm £ 3aMKHYTYI0 KpuBYIo B R,
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ABJIAIOILYIOCA KPaeM® TTOBEPXHOCTH Y , W OyjeM canTarh { TIaKoi KpuBoii.

SajaauM Ha { HalpaBjeHHe, COIJIacOBAHHOE ¢ OpHEHTalldeil >, : B KauecTBe

HalpaB/eHnst Ha £ BO3bMEM TO U3 JIBYX BO3MOYKHBIX HAIPABJICHU, TPN JIBUKE-

HUU B KOTOPOM 110 { MOBEPXHOCTDL Y OCTAETCS ,,CJIeBa’, a BEKTOp 7, HOpMAJH

Ha Y, HampapJieH ,Beepx ‘. Tak opueHTHPOBaHHYIO KpuBYyO £ 0b03HATUM £, .
Ha puc. 4.3 uzobpaxxenn 06J1acTh {2, IOBEPXHOCTb X, W KpuBas £ .

z

Puc. 4.3

Ilycts B obnactu €2 3ajana HenpepblBHO JuddepennupyeMmast GyHKITUS
bnd - —
f(P). Kpusosuseitnsiit uarerpas sroporo poga ¢ (f, df) okasbiBaeTcst cBsa3aH-
g
HbIM C HEKOTOPBIM TTOBEPXHOCTHBIM MHTErpaJioMm 1o .. s dopmysinpoku
COOTBETCTBYIOIIEIO YTBEPXKICHUSI BBEJIEM CJIe/IyIOlee OlpejiesieHIe.

Onpepnenenue 4.4. I[Tycmv (x,y,2) — dexapmosv xoopdunamo, 6 R3
f(:v,y,z) = folz,y, 2)i + fy(x,y,z);Jr fz(iﬁ,y,z)E ~ nenpepuieno dudgepen-
yupyemas 6 mouxe P(x,y,z) eexmopnas dynryua. Pomopom dymruuu f 6
mouke P nasweaemea 6exmop

wife (2 O8Nz, (0f: 0L\ (0f, Of.

oy 0z 0z O J or Oy

2de 6ce wacmmovle TLPOUSGOdeLG suuucaenv, 6 mouke P.

k, (4.22)

Teopema 4.3. (Teopema Crokca) Iycmw ) — oepanuvennas obaacmo
6 R3, snympu xomopoti aesicum 24a0kas OPUEHMUPOBANNAA NOGEPTHOCTIL Y C

1 CdopMyaupoBaTh TOYHOE OIpejieeHne MOHATHS ,,Kpafl IVIaIKON MOBepXHOCTH He IIpel-
CTaBJISIETCS BO3MOYKHBIM B paMKax JIAaHHOI'O M3J/IaHHSsI, IO9TOMY Jlajiee OyjeM OnupaThbCsd Ha
HaIJIsiJIHble TeoOMeTpuiIecKue pecTaB/IeHnsd.
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Kycouno-zaadkum kpaem Uy, u nanpasaernue na fy co2aaco8a10 ¢ OpueHmauet
Y. Iyemo maxorce gynxyua f(P) nenpepueno duddepernyupyema s . Tozeda

jq{ (f. ) = / [t . 0) (4.23)

Jloka3aTeJbCTBO. PaCCMOTpI/IM cHavdaJa cJIydail, KOrjaa MOBEPpXHOCTH .
HpaBMiIbHA  OTHOCHTENbHO 1iiockoctu  Ozy, a [ = fu)(a:, y,z) =
= fo(z,y, 2)i+ fy(x,y, 2)J. Hpasuibuas ornocnreanno OLy NOBEPXHOCTD 3 Of1-
HO3HATHO OPTOTOHAJIBHO MTPOEKTUPYETCs Ha MI0CKOCTh Oxy (ee mpoekiueil ss-
sstercst 001acTh Dy ), a Kpusast £ 1PU 9TOM IIPOEKTHPYETCsT B KYCOUHO-TVIAJKYIO
KpuByIo £, na mnnockocru Oxy, aBisdiontyiocs rpanutieir D,,,. Opuentaiuio >
BbIOEpPEM TaK, 4TO B KaXKJ0# Touke S HOpMaJb 17, 00pas3yer OCTPbIi yroJ ¢
ocbio Oz.

B paccmarpuBaeMoM ciydae

o =1 =~ G2+ (-5 ) F
~1/2 T
. Jg g\ > dg  0Og
ny = 1+<8$) +(a—y> ] { o oy 1,

rie z = g(x,y) — ypaBHenue nosepxuoctu Y. Torya

E/Jr/(ro‘c]?(l),d(f) =

1/2

09\* . (99\*| "~ (04,09 _01:09  0f, 0L, _
bt <8x) i <8y> ] <(9z Or 0z Oy i or Oy do =

-

// lafy z,y,9(x,y)) dg N Ofy(=.y.9(x,y)

ox ox
3fx(x,y,g(w,y)) dg  0fu(z,y,9(z,y))
_ 5 ay 9 dx dy. (4.24)
Tak kak
0 ofylz,y, g(z, ofylz,y, : 0
5 (fu(2,9,9(2.9))) = & %xg(x V), Phla %Zg(x ) -
a af;v v J 9 8f$ yJ Y a
oy (fo(z. 9. 9(x.y))) = & yayg(x D), Ul yazg(x ) a_g’
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J[ @)= [[ 5 (eaten) - o Gl oto)] deay

Sy Day
(4.25)
[To Teopeme ['puna

// lé)fy(x,%,xg(m,y)) B 8fx(x,ya,yg($,y))] dz dy = j{(ﬁ, dl),  (4.26)

rie F = ﬁ(:z:,y) = [fx(x,y,g(x,y)), fy(:c,y,g(x,y))]T, a {;, — OpHeHTHpO-
BaHHasg Kpubad {,,, HalpaBlIeHNe Ha KOTOPOi COMIacoBaHo ¢ 001acTbio Dy
OrmeTnM, 4TO HallpaBjeHHE Ha E;y eCTeCTBEHHBIM 00pa30M COIVIACOBAHO U C
Halpasjienuem Ha, £ .

PaccmoTpum KpuBOsIMHEHBIH HHTErpaJt, BXOAAuil B hopmyity (4.23), s

f: f(l). [Tycrs mapamerpudeckue ypaBHeHust £ UMEIOT BUJIL:

7F=7t) = [zt), yit), 2], tel[t,ts]

Tak kak kpuas (. nexxut Ha nosepxuocru S, 1o z(t) = g(x(t), y(t)). Ucnoms-
3yst OlpejieJieHe KPUBOJMHEHHOIO MHTErpaia U apaMeTpUIecKue ypaBHEeH sl

(., moJTyInmM:
Foo.an -

by
to

- / Lo (2(t),y(), g(2(t), y(1))) 2'(t) + fy (2(t), (), g(2(t), y(2))) ¥/ (t)] dt.
§ (4.27)
[Ipoekiust Edjy KpuBoit £ Ha mockocTh Oxy WMeeT nmapaMerpuidecKue ypapHe-

7=7t) = [z(t), y(t), 07, t€ [t ts].

CuieioBaTesibHO,



Tenepn u3 pasencts (4.24)(4.27) caeayer paBeHCTBO

= [[a.a), (1.28)

by

— —

1.e. Teopema Crokca mpu f = f) B ciaywae nosepxnocTn Y., IpaBHIIbLHOI
orHocuTehHo Oy .

AHAOTIYIHO pacCMaTPUBAIOTCS CJIyUIan, KOTJa Y MPABUIbHA OTHOCUTE b
HO 1iockoctn Oz, a f: f(z) = fui+ fZ/Z 1 KOIJIa Yy TPaBUJIbHA OTHOCH-
TesibHO OYz U f = f (3) = fyz—% f.7. TIpu 9TOM HOJIYHYAIOTCS PABEHCTBA:

j{(f(z),d_é) = //(Jm),%); (4.29)

A N
Z[ (FO, @) = / [0, (4.30)

JIH IPaBUJIbHA, T. €. PaBUJIbHA OJHOBPEMEHHO OTHOCHTEJILHO BCEX
Ecmm X, npa a, T. €. Ipa, a OJIHOBPEMEHHO OTHOCHTEJILHO BCE
TPEX ILIOCKOCTEH Oa:y, O:Ez u Oyz TO CUPaBE/IMBbI BCE 3 pasencrBa (4.28)-

(4.30). Tak kak FO 4L F@ 4 FB = 2f,7 + nyj +2f,k, TO CKJaABIBAA ITH
paBeHCTBa, HostydaeM coorHorierue (4.23) B ciydae NPaBUIbHON OBEPXHOCTH
Y.

Huist 3aBepiienusi jokazarejberBa TeopeMbl CTOKCa OCTAeTCs 3aMETHUTh,
9TO IJIAJKYIO0 MOBEPXHOCTD ¢ KYCOUYHO-IJIAJKUM KpaeM BCerja MOXKHO pasOuTh
Ha, KOHEYHOE YMCJI0 YaCTei, SIBJISIFOIIMXCs IIPABUJIbHBIMU [OBEPXHOCTAMM. TaK
KaK JIUIs KaKJI0il M3 MOJIyIeHHBIX dacTeil CrpaBeyinBo paBeHCTBO (4.23), TO,
CKJIa IbIBasI BCE TaKne PABEHCTBa, 110JyduM Teopemy CTOKCa JIJist IPOU3BOJIHLHOM
[JIaJIKOM IOBEPXHOCTH C KYCOUHO-TJIaJAKUM KpaeM. |l

Ormernm, uro teopema I'puna copuaaer ¢ reopemoit Grokca JULst CIlyast,
KOIJIa 2 sIBJISIETCSI 1acThio miockoctu Oxy, 1y = kw f fa,z + fy 7. IIpu srom

o af afx 7
rot f = (8—;— ay)k.

4.7. VYcjoBue HE3aBUCUMOCTU KPUBOJIMHEITHOTO MHTErPAaJIa
BTOPOTO PO/Ja OT IIYTU MHTErPUPOBAHUA

[Tycrs B obsacru £ C R3 3agana rakas nenpepbisro janddepenippyemast
dbyuknus f(P), aro

rot f = 0. (4.31)

[Tycrs Takxke ¢, — 3aMKHyTas OPUEHTHPOBAHHAS KYyCOUHO-TVIAJIKAsT KPH-

Basl, NEJUKOM Jiexkalasa B objactu (2. Bynem BHadaje cumTaTh, 9TO KpUBas
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(. we mmeer camornepecedennii. [IpeoaoKnM, 9T0 MOKHO TIOCTPONTH! TaKyTo

TJIAJKYIO OPHEHTHPOBAHHYIO HECAMOIIEPECEKAIOIIYIOCsI TIOBEPXHOCTD X, JIEXKA-
1yto B 2, JiIst KOTOPOit KpuBast £ sIBJIsTeTCsI KpaeM W HalpaBjeHue Ha £, cora-
- —
cosano ¢ opuenranueit X . Tak kak u3 (4.31) caenyer, uro [[(rot f,do) = 0,
Y4
TO 110 Teopeme CToKca

]{( L dl) = 0. (4.32)

Ecin ke xpuBasi . mMeeT KOHEUHOE UUCJIO camolepecedenunii, To £, Oyuer
- 5=
(3
00beIMHEHNEM KOHETHOT'O YKMCJIa 3aMKHYThIX KPUBbBIX ﬁi) u unrerpan §(f, dl)
L
. i
Oy/JeT CyMMOJ KOHEUYHOI'O YHCJIa TAKUX K€ MHTErPAJIOB 110 KPUBLIM ZSF), KaoK-
JIbIl U3 KOTOPBIX PaBeH HYJ0 B cooTBeTcTBUE ¢ paBeHcTBOM (4.32). Ilosromy
paBeHcTBO (4.32) siBjisleTCst BEPHBIM U Jijist KpUBOii {1 ¢ KOHEYHBIM YMCJIOM Ca-
MOTIepEeCeYCH M.

[Tycts Temeps B obnactu €2 (puc. 4.4) 3adukcupoBanb! 18e Touku Piu Ps.

Paccmorpum JiBe pasindnbie KyCOTHO-
rJ1aJIKue KpHUBbIE KSFD n ff), IEJTTKOM
nexarne B (2, Kaxjas U3 KOTOPBIX
coequnsger Touku P, m P, u opuen-
TUPOBAHHbBIE TaK, 9TO P sIBJIsIeTCsT UX
HaYaJIbHON TOUKOM, a P — KOHEeJIHOI.
O O6oznauny (1 kpusyo (2, opuen-
" TUPOBAHHYIO B IIPOTHBOIOJIOXKHOM I10

(2)
cpaBHeHuto ¢ F\ HaupaBJjeHuu (Ha-
Puc. 4.4 p + p (

¢ P
JaJIOM £~ ABJAETCA TOUYKaA Q,KOHHOM

1 2
— Py). fdcno, uro obbeuHeHe OpUeHTHPOBAHHbBIX KPUBbIX 61) u ? JlaeT opu-
EHTUPOBAHHYIO 3aMKHYTYIO KYCOYHO-TJIAJIKYIO KPHUBYIO, KOTOPYIO OOO3HATHM

‘..

Ecmu g ¢yskimn f B obsactu ) BbIMONHEHO ycioue (4.31), To

1 9TO yCcJI0BHe TOApa3yMeBaeT, u9To () — OJIHOCBSI3aHHAdA 00JIACTh, T. €. YTO JOYI0 3aMKHY-
TYI0 KPUBYIO, JIeXKAMyi B (), MOXKHO CTSIHYTb B TOYKY, He BbIXOJs 3a (). Hampumep, Top
He SIBJISeTCs OJHOCBSI3aHHOMN 0b0sacThio. OTMETHM, 4TO jazKe JJI OIHOCBI3aHHON 00JacTh
TpebyeMyIo MOBEPXHOCTh MOXKHO IMOCTPOUTH HE BCEIIA; HAPUMED, TAKOH HEeCaMOIepeCceKaro-
meiicss HOBEPXHOCTH He CYHIEeCTBYeT JIJId KpUBOil £ B BIIE MPOCTOro y3ja. OTMETHM, OJIHAKO,
9TO0 1 JJId TaKUX CJIyYaeB IOCJCAYIOIHe YTBEeP2KACHUA OCTalTCA BEPpHBIMH, HO UX JOKa3a-
TEJIbCTBO CYIIECTBEHHO YCJIOXKHAETCS.
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o —
$(f,dl) =0. Io cBOiCTBY a1 INTUBHOCTH KPUBOJIMHENHOrO HHTErpaJa
0

u, CﬂeﬂOBaTeﬂbHO,
- — - —
[t = [ (4.33)

Pagencrso (4.33) osHadaer, 4TO 1PH BbINOJHEHUH YKA3aHHBIX YCJIOBH
KPUBOJIMHEWHBIN WHTETrpaJl BTOPOTO pOJia He 3aBUCUT OT NMYTH WHTETPUPOBA-
HUsl, & 3aBUCUT TOJIbKO OT €I'0 HavaJIbHOW M KOHE4YHO# Tovek. B cBsa3u ¢ aTum
JUIsE HENpepbIBHO JindpepeHnnpyeMbix (DyHKIN f, YJIOBJIETBOPSIONINX yCJIO-

Brto (4.31), KpUBOJMMHEHHBIN HHTETPAJ BTOPOTO POJia 3alUChIBAIOT YaCTO B BH-
Py

e: [(f,db).

Py

5. 9JIEMEHTDBI TEOPUN 110JI4

B dusuke npunsTo HazbiBaTh GYHKIMK, 33anHble B R repmunoM ,io-

e“. Bocrosib3yemcs Toil »Ke TepMUHOJIOIHE: ecJii paccMaTrpuBaeTcs OyHKITUS
f:R3 — R, 1o 6y/1eM TOBOPHUTD 0 CKaJgpHOM TI0J1e, ecan GyHKime f: R3S — R3
~ 0 BeKTOpHOM noJte. JlekapToBbl KOOP/MHATEL B R3 obosHauum (x,y, 2), a co-

- -

OTBETCTBYIOIE KOOPAUHATHbIE OPTHI — 1, 7, k.

5.1. IlorenmmanbHOE 110J1€

Onpenenenune 5.1. Bexmopnoe noae f: fJ—F fyf+ fZE HaA3L6AEMCA
nomenuyuarvivm (6 obaacmu ), ecau cywecmeyem makai Henpepvieno dudg-
depernyupyeman na Q cxanspras pynxyus @: R3S — R, wmo 6 xaorcdot mouxe
Q 6LINOAHEHO PABEHCMEO

f=grado. (5.1)

C%CL/LJZPHO€ noae @ Ha3vieaemca npu IMmMom nomeHuyUasom 1ol f
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Ormernm, aT0 U3 ycaosus (5.1) caegayror paBeHCTBA:

e, e a0
ox’ Y oy’ - 0z’

[IpuBejiemM 0JiHO BayKHOE CBOMCTBO HMOTEHIIUAJIBLHOIO I1OJIS.

fa

I (5.2)

Teopema 5.1. Ecau noae fnomenyuarvro 6 obaacmu €2 u nomenyuan @
Asaaemces deasrcdv, nwenpepuiero duddepenuupyemoti 6 0 dynxyuetd, mo

rotf = 0. (5.3)
do

HokazaresnbcTBo. Tak kak B coorsercreun ¢ (5.2) f, = 5, ! fy =
z
19)0, o of. df, %o 0@
— T - — _
oy’ dy 0z 0Oydz 0z0y

BOJIHBIE TIOTEHIIAAJIA (Y [IPE/IIOIAral0TCs HEIPEPLIBHLIME. AHAJOTHYIHO JIOKA3bI-
6fx_(9fz_0 %_8]”13
0z Oxr = Or Oy
poropa (4.22) cuepyer cupaejimBoctb pasencrsa (5.3). W

Teopema 5.1 o3ravaet, 9T0 paBeHCTBO (5.3) ABJIACTCA HEOOXOIUMBIM YCJIO-

BHUEM IIOTCHIUAJIBHOCTU I'JIQJIKOI'O I1I0JIA. D10 XKe YyCJIOBHUE OKa3bIBACTCA MU I0-

= 0, TaK KaK BTOpbIE YaCTHbIE TPOU3-

BaIOTCs paBEHCTBA = 0. Teneps u3 onpejiesieHus

CTATOIHBLIM JIJIsI TOTO, YTOOBI HEIpepbiBHO juddeperiupyemoe noje [ uMesno
MOTEHTTHAT.

Teopema 5.2. Ecau eexmoproe noae fHenpepmeHO duepenyupyemo 6
odnoceasannot obaacmu ) u ewnoaneno yeaosue (5.3), mo fﬂeﬂﬂemc;z no-
MEHUUANDHBIM TLOAEM, M. €. CYULECTNEYEM NOMeHUUan @, yYdosremseoparouut
pasencmey (5.1). Ipu donoanumenvrom yeaosuu @ (FPy) = @q, 2de Py — nexo-
mopas purcuposannas mouka obaacmu 2, nomenyuas @ onpedessemcs edun-
CMBEHHBLM 00PA30M U MOIACEM OHBIMDL BHINUCAEH N0 POPMYAE

O(P) = oy + / (F. db). (5.4)

HokazaresbecTBo. OTMeTHM, MPEXKJe BCEro, 9To Tak Kak rot f =0, 10
KpuBOsMHeiiHplil unTerpan [ ( f, d_é), KaK MMOKa3aHo B 4.7, He 3aBUCHT OT
04 (P, P)
nytu unrerpuposanusi (P, P), coemunsitonero touku Py u P, a 3aBucur
TOJILKO OT camux Touek Py u P. Vimenno mosromy B pasernctse (5.4) B 0b03Ha-
YeHWW KPUBOJMHEHHOTO WHTErpaja yKa3aHbl TOJbKO Fy u P.
Jokaxkem cHavasia, 9To (DYHKIH @, ompeieseMast paBeHCTBOM (5.4), siB-

JISIeTCs1 OTEHIAIOM 1oJist f. Jljist 9T0ro ocTaTovHO JJ0Ka3aTh ClPABE/INBOCT
pasencts (5.2).
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O6o3uatuM (1,1, 21) JEKAPTOBBI KOOPAUHATHI TOUKH P U PACCMOTPUM

TOYK P’ ¢ KoopmmHaTamu
y 1 P

(x1,y1 + Ay, z1). Byaem obo3zna- ;
JaTh (p(Pl(xl, Y1, 21)) IIPOCTO .,
©(x1,y1,21). Torna (O~ P Q
/ N
(p(Pl ) = (P($1,y1+Ay,Z1) — IP1/ | P
0
P’ l :
- —> |
—oot [(Fl)  (55) o) Lutdy v
I 7/ 7/
P, e |/ ’ Yy
. N T - — - L
¥ HAIMCAHHBLIA KPUBOJUHEHHDIA .
MHTErpaJ He 3aBUCUT OT IyTH Puc. 5.1

UHTEIPUPOBAHUA, COCTUHSIONIEIO

roukn Py u P;’. Boibepem 310t nyTh TaK, 9T00bl OH TPOXOAMII Yepe3 TOUKy P
M ero 9acth Mexxay Toukamu Py u Py’ aBisiack orpeskom (puc. 5.1).
dlcno, uro ecnm Py u Py’ — BuyTpennue touku obaactu  u Ay pocratod-

HO MaJiO, TO TaKOii BBIOOP IyTH MHTErPUPOBAHUS BCErsia BO3MOXKeH. Tormia 1o
CBOMCTBY aIJINTUBHOCTY KPUBOJMHENHOTO MHTETPaJIa,

P’ Py P’

- — - —> - —>
[ty = [+ [ 7
Py Py P

u u3 pasercrs (5.4) u (5.5) nosyunm:

P’
@@w+A%@=@@%@+/ﬁﬂb (5.6)
P

[TapaMeTpru4ecKUMY YpaBHEHUSIMU OTPE3Ka ¢ HadaJoM B P, U KOHIIOM B
P, apnsorest:

’F:F(t):[xa y+t7 Z]T7 te[()?Ay]’

nostomy 7'(t) = [0,1,0] u

Pll Ay

- —
/( , €)z/fy(x,y+t,z)dt.
P, 0



IIpumenss K mosiydeHHOMY OIpeeIeHHOMY UHTEIPAJy TEOPEMY O Cpe/i-
HEM, 110JIy4YUM PaBEHCTBO

rie y* € [y,y + Ayl. Teneps u3 pasencrsa (5.6) naiigem:

(p(xay + Ayu Z) - (p(l',y,Z)
Ay

Tax Kak ¢ynknus f, HempepbIBHaA, TO, EPEXO/d B 3TOM PaBEHCTBE K IIpeJiely
npu Ay — 0, TOJIyIUM COOTHOITIEHHTE
(p(ﬂf,y+Ay,Z)—(p(ﬂf,y,Z) 6([)(5[1,]%2)

Alirgo Ay = 9y = fy(z,y,2),

= fy(x,y", 2).

T.e. Bropoe u3 paseHcts (5.2). IBa apyrux papeHcTBa (5.2) JIOKa3bIBAIOTCS

AHAJIOTUYHO, CJICJIOBATEILHO, (PYHKIMA QO ABJACTCHA MOTEHIMAIOM 1O | .
st 3aBepiienust JOKa3aTebCTBa TEOPEMbl OCTAJIOCH JOKA3aTh TOJLKO
eJIMHCTBEHHOCTD TTOTEHIINAJIA .

[Tpesnosoxkum, 4To CymEeCTBYIOT jiBe Takne QYHKIMU @1 U @2, JJIsl KO-
Topbix grad @1 = grad @2 = f, ©1(F) = @2(Fy) = @o. Torna pna Gynxmum
P = @1 — @y noayunm pasencrsa grad P = 0, P(FPy) = 0, u3 KOTOPbIX Cireyer,
gro P = 0 B obsactu 2 u, 3Ha4IuT, @1 = Q2. W

B dusmueckux 3asadax dame BCero BEKTOP f ABJIACTCA CUIIOH, IIDH 9TOM
rOBOPAT O CHJIOBOM 1osie. B arom ciywae uarerpan [ ( ﬁ dl) HasbIBaeTCS

04 (P, P)

paboToit A cr0BOro 1oJIst f Bj10Jib 11yt {4 (P, Py) ¢ nasasiom B TOUKe P u
KOHIIOM B 5. Jljish moTeHIUAILHOIO 110Jisg paboTa, IOJIsI 3aBUCUT OT TOUeK Pj
v P, u He 3aBUCUT OT IyTH, COCJMHSIONIEIO 9TU TOYKM, T. €. B 9TOM CJIydae
A = A(Py, P). U3 pasenctsa (5.4) ciemyer, 9To JiJIsl HOTEHIUATBHOTO TOJIST
A(P, Py)) = @(P) — @(Fy) u, 3nauur (13-3a aji/JATHBHOCTA KPUBOJMHEHHOIO
unrerpana), A(P, Py) = @(FP) — @(Py) st mo0bix Touek Py u Py, jiexkanux
B oOJtacTy €2. DT0 n3BeCTHLIN (PUBUICCKUIT 3aKOH: PADOTA, 110JIsI PaBHA PA3HOCTH
IIOTEHIIMAJIOB KOHCYHOI 1 HaYaJbHOU TOYEK.

HobaBum, 4TO €cjiu CUJIOBOE 10Jie MOTEHIUAJIbHO, TO B (DUBUKE HPUHS-
TO FOBOPUTL O KOHCEPBATHUBHBIX cucreMax. Haobopor, ecau cusmosoe mose He
SIBJISIETCSL TOTCHIMAJIBLHBIM, TO COOTBETCTBYIONIME CUCTEMbl OObIYHO HA3bIBAIOT
JIUCCUIIATUBHLIME; 3TO OyJeT, HalpUMep, B TOM CJIydae, €CJU CPeJu CHJl, Jeii-
CTBYIOHNMX B CUCTEME, UMEIOTCS CUJIbI TPEHUSL.

B kauecrse npumepa HaiijeM HOTEHIMA] KYJOHOBCKOIO IOJIs, JJIsl KO-
toporo f = 7/|f® npu ¥ £ 0. B srom cayuae f, = z(a? + y? + 22)73/2,
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fy=y@® + 9>+ 22732 f, = 2(a* + y* + 2%)7*/2, nosromy

= 0 0
(rot Fle = 92 = 900 - gya(a? 4y 4+ 227 1 Byl 447 + 22 = 0,
Jdy 0z
Anasornano mosydaum, 9to (rot f)y = (rot f)z = 0. Takum obpazom, Ky-
JIOHOBCKOE 110J1€ TIOTeHIabHO. JlJist BhIYuC/IeHust ero noTeniualia 1no GopmyJe
(5.5) BBIOEpem Touky P na gyde OP rak, ato |r'p| = |rp,| = 10, u Boibepem B
KadyecTse 1yTu uHTerpupoBanus kpusyio PyP P, rine PyP) — dactb 0OKpy»KHO-

cru r =1y, a PP — orpesok [Py, P]. Toryna na PyP; Bekrop f oproronajen K
OKPY2KHOCTH T" = T(), HO3TOMY
End H
[ iy o

PyPy
Hnst Py P B kKauecTBe napamMeTpruiecKux ypaBHEHU BO3bMEM:
(ZUP - Zlﬁpl)t + Tp

= (Fp—?“th%—Fpl = (yp—ypl)t—l-ypl , L€ [0, 1].
(Zp — Zpl)t—l—Zpl

Torma

PP PP
< 1 1 ) 1
==\l =7 1= =—= 1t =
rp| |7 7p| IR,
1 1 1

Caenosaresbro, @(P) = (Fy). Ecim B3sars @(Fy) = —

7| 7R 7y |

TO JIJIs1 MOTEHIHMAJA KYJIOHOBCKOTO ToJtst ostyanm: @ (P) = m
rp
5.2. CoJjeHomngajibHOE I10JI€

Onpe,zl;eJIeHI/Ie 5.2. Henpepwvisno duddepenuyupyemoe 6exmoproe noae
U = U0 + vyJ + Uzk HA3VIBAEMCA CONEHOUDANDHVIM 6 obaacmu §), ecau

divi =0 (5.7)
6 kaotcdot moure €).

Omnpenenenune 5.3. Ecau das noas U cyu,ecmsyem maxaa HENPEPuleHo
duppepenyupyemas Gynryus A, wmo

rot A= ¢ (5.8)

6 obaacmu Q; mo A nasweaemca BEKMOPHBIM TLOMEHUUAAOM TLONAA .
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BaKHBIM gBJsgeTCs Cieiyioliee yTBepKIeHue.,

Teopema 5.3. Ecau nose U umeem 6 obaacmu ) deanrcdvl HenpepvieHo
duppepenyupyemoiti sexmopruiti nomenyuan A, mo U corenoudarvio 6 €.

HokazaresbcrBo. Tak kak B obsactu ) cupaseyiuBo paBeHcTBO (5.8),
TO B coorBeTcTBUE ¢ (4.22)

0A, 04, _0A, 04, _— % B 0A,
Y oy

Oy 82" V7T 82 Ox’

Orcrona
div i — vy N vy N Ov: _ FA,  PA, N FA,  PA, N FA, PPA, _
Or Oy 0z 0Ox0y O0x0z 0Oydz Oydx 0z0xr 0z0y
TaK KaK BCE 9TH YACTHBIC TTPOU3BOIHBIC TIO YCIOBUIO HEMPEPHIBHEL. |
AHAJIOPMYHO CITyYato MOTEHIMATBLHOIO TOJIsT, He TOJbKO U3 paBeHcTBa (5.8)
caeayer coorHomenue (5.7), Ho u HAOOOPOT, N3 ycmosus (5.7) ciemyer cyime-

0,

crBoBanme Bektopa A, ymposiersopsiorero (5.8). Dro ozmavaer, uTo JroHoe
COJIEHOUJIAJIbHOE 110JIe UMeeT BEKTOPHbIN moreHiuast. Jlokaszare/jibCcTBO 3TOro
YTBEP2KICHUS BBIXOJUT 32 paMKH JIaHHOTO u3anusg. OTMETUM TOJILKO, UTO BEK-
TOPHBIN MOTEHIAAJI A COJIEHOU/IAJILHOI'O T10JIsi OlIPEJIe/isieTcsi B 0DIIEeM cJiydae
HEOTHO3HAYHO.

it conenontaabHOTO 11015t U3 Teopembl ['aycca—OcTporpajickoro ciejyer,
4TO JIJIsd JIF0OOH I1aJIKOoi 3aMKHYTO IOBEPXHOCTH Y., JexKaleil B ), BBIIIOJI-

HEHO PaBEHCTBO
ﬂ oy do = 0, (5.9)

2y
rJie U, — IPOEKIINs BEKTOpa U Ha HAIpaBJeHHe HOPMAJIU 71 .

Boobirie, /17151 BEKTOPHOTO 110J1s f ¥ OPHEHTHPOBAHHO TOBEPXHOCTH X (HE
00s13aTesIbHO 3aMKHYTO# ) HHTErpaJl f f Uy, A0 HA3bIBAETCSI IIOTOKOM 110JIsI 4epe3
Yy
noBepxHOCTh 4. Pagencrso (5.9) o3nadaer rorja, 4To Jist COJEHOUIAIBLHOTO
I0JIsI TIOTOK 4epe3 JiFoOy0 3aMKHYTYIO [OBEPXHOCTH PaBeH HYJIIO.
B kauecrBe npumMepa COJIEHOUIAJIBHOTO 110JIsi MOXKHO IIPUBECTHU I10JI€ CKO-
pocteit jBmxkyIeiics xkugkoctu. Coorrorenne (5.7) B 9TOM ciiydae sBJISETCS

yCJIOBUEM HEC2KHUMACMOCTHU 2KNIKOCTH. B ClIydae, Koraa U ABJIAETCH 110JIEM CKO-

H
pocTeit, MHTerpaJ 35 (U, df) nazwpiBatoT HUPKYJISAIEH! 110J1s1 BJIOJIb 3aMKHYTOIO

ty
opuentTupoBaHHoro nyTH £ . Ecim £ aBisieTcd KpaeM IMOBEpXHOCTH X, TO TeO-
pema CToKca O3HAYAET, YTO MUPKYJIANUS 105 BJIOJb {4 COBIAJAET C MOTOKOM
TOJIST depes X.

1 A He paboToii, KaK B CJIydae CHIOBBIX MOJIE.
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s coyleHOnTAJIBHBIX TOJIeil IpeJicTaBIsdgeT MHTEepeC PacCMOTpPEHHe TakK
Ha3blBa€MbiX TPYOOK TOKa, HO 3JIeChb OCTAHABJIMUBATHLCS Ha ITOM He OyjieM U
PEKOMEH/IyeM YuTaTe/isiM 00paTUThCS K COOTBETCTBYIONIEH JuTepaType 1o (hu-
3UKe.

5.3. IlpeacraBieHne rpaaneHTa B KPUBOJIMHEIHBIX
OPTOrOHAJIBHBIX KOOPJUHATAX

Hanomuuwm (cum., nanpumep, [6]), aro muist guddepeHimpyemMoro cKassipHo-
ro osg f: R® — R B ToM carydae, Korja mooxkenne Toukn B R? ommcniBaercs
JIEKAPTOBBIMU KOOP/IMHATAMU, BEKTOD grad f oupejesnsiercst paBeHCTBOM

[Tycrs reneps B R? 3ajanbl KPUBOJIMHEHHbIE OPTOIOHAJIBHBIC KOODAMHATDI
(&,1, ¢). Kak nokazano B 2.3, B 9TOM ciIydae B KaxkJoii Touke P ompejesen
KOODIMHATHBIN OPTOHOPMUPOBAHHDIH Gasnc {€x, éy, €}, rae

oo L ox oy 01" L 1 Tow oy 02]" L@@%T
& — aavaauaa y En — %7&]’]7&1 y CC 8C78C78C
— NpejcTaBIeHns GA3MCHBIX BEKTOPOB B MCXOAHOM Gasuce {1, ; k} a He, Hy,

H; — xoadpdburmentsr Jlame, onpeenennsie pasencrsamu (2.9)-(2.11).
Pa3j102kuM BEKTOD grad f 1o 6azucy {€, €y, € }:

grad f = agex + aney + aceg

¥ HailJleM BbIpaxKeHus JId Gg, Ay, ac¢. g koaddunuenra ag, naupumep, 11o-
JIyIHM:

ag = (grad f, ) = € <

_ Hia C% (F (2(&,m, ), y(Em, Q). 2(E,1,0))) -

Ananornuneie (OpMyIbI CIPABEJJIUBEL U JITIA Gy, G-
Taxum obpaszom,

grad f =

8f8:1:+(9f8y+8f8z)_
ox 0§ 0Oy 0& 0z 0§

1 8fq 1 8fq+i8fq
H, 08 " H, om™ T H, aC“

HonyquHoe cooTHOIEHHUE ABJIfZACTCA IIPpEACTaBJICHUEM I'DaJHUEHTa B KPHUBOJIN-

HEeNHbIX OpPTOI'OHAJIbHBIX KOOprZLI/IHaTaXl.

(5.10)

! Eme pa3 HalmoMHHM, 9TO, B OTJIHYHE OT JEKAPTOBBIX KOODAUHAT, Oasuc {€%, &, €;} 3aBu-
CHT OT IOJIO?KEHUS TOUYKH P.
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B wactHocTH, 715 HOJSIPHOR CHCTEMbBI KOOPIUHAT
8 f 1 of

rad f = ——é, + — =—€
a Jst cpepudeckoit cucreMbl KoopauHat (P, 9, @)

of - 1L af, [ 10f,
9 e

dfr=90 -
grad f op p+ps1n19 I +p 99 °

5.4. lIlpeacraBieHne AUBEPTEHINN B KPUBOJIMHENHBIX
OPTOTrOHAJIBHBIX KOOPJAUHATAX

HJist BEKTOPHOTO 110151 f = ful+ fﬁ—l— leg BesmanHa div f olpeJiesieHa B

4.4 paBeHCTBOM
. 0f.  0f,  Of.
divf = 5 + Dy + 9 (5.11)

[Iycte Temeph B KPHBOJMHEHHON OPTOTOHAJBHOM CHCTEME KOOpJIMHAT

(&,m, C) moste f 3ajiano passoxenuem 1o 6asucy {€x, €y, € }:

f=fe(&,n, Q)& + fo(8,1, Q)E + fo(&,m, Q)ér

B sTom ciydae s Borauciaenus div f MOXKHO CHavaJia HailTh GyHKIu fy, fy,

f2, a morom ucnosbzosarh dhopmy.y (5.11). OjHako Takoif ciocod oKasbBaeTCst

odenb rpomozjikuM. [Ipore ucnosbzoBath Teopemy [aycca—OcTporpajickoro.
Paccmorpum , Kpuposmneittbiii napasuesenune” I1 = Py ... Py (cm. puc.

2.2) u 3amuiiem i Hero u hyHKIUT f reopemy l'aycca—OcTporpa/ickoro:

///divfdvz/ fodo, (5.12)

rjie X — rpanuna II, a f, — npoeknust BekTopa f Ha BHEHIHIO HOpMaJb. [1o
TeopeMe O CpeJHeM JIJIsT TPOWHOTO WHTerpaJia

/// divf dV = divf(P*)Vipus,
II

rae P* € Il — nekoropas Touka, a Vipus — 00bem II. YunureiBaa cooTHomenne
(2.16), mosryunM paBeHCTBO

/// divfdV = He HyHcdivf(P*)|AEANAC + o( AEANAL).  (5.13)

Bbranciimm moBepxHOCTHBIN uHTErpast, Bxojsdiuii B popmyiy (5.12). Dror
MHTErpaJl paBeH CyMMe MHTEerpaJioB 110 BceM Iectu ,rpansM‘ II. Paccmorpum
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,rpaub Py Py PyP3, KOoTOpast sIBJIsieTCsl HUXKHEH TpaHbio (10 OTHOIIEHUIO K Jie-

0z(&0, Mo, (o)
T > (0. Orpa-

HAYUMCS TOJILKO STHM CJIydaeM, OCTaJbHbIe BOBMOXKHOCTH PaCCMaTPUBAIOTCS
anaJsiornuno. Hopmasib K rpanu Py Po Py P3 oproronajibHa K KOOPMHATHBIM JIK-
HUAM & 1 1), JIeXKAlIIM B 9TOI I'DaHH, T. €. K BEKTOpaM €z 1 €,. Ciie10BaTesIbHo,

S . L oo 0z
9Ta HOPMaJIh JIOJIXKHA COBIAIATE JIKOO ¢ €7, mnbo ¢ —er. Tak Kak (€, k) = —

ac¢

> (), TO BEKTOP €; HAIIPABJIEH ,BBePX ", & BHEIIHsIsS HOPMaJIb 74 rpanu Py Py Py Py
—,BHU3", moaromy 7iy = —eg na PPy PyPyw f, = (f, 1) = —fc(&,m, ). Cre-

JIOBATEJBHO,
/ fndo=— / fodo.

P,P,P,P; P,P,P;P,
[Tapamerpuueckue ypapaenus Py P, Py P3 B TeKapTOBBIX KOOPIHMHATAX MOXK-
HO 3a/1aTh B BHUJIE:

7= F(Enna CO) = [$<67n7 CO)) y(EnTL CO): Z(Enna CO)]T7 (5711) S D&%
e Dey = {(E:m): € < €< &+ AL, mp <1 < Mo + An}. Henomssys st

YpaBHCHUA JIJIgl BBIYUCJICHUA ITOBEPXHOCTHOI'O MHTEI'PaAJIa, ITOJIYIYUM!:

// fndo = — //Da (&m, Co) d& dn, (5.14)

PP,P,Py

KapTOBbIM KOOpJMHATAM) B ciaydae, korga AL > 0 u

>

re
F(&m,¢) = fo(&m, 0)||[Fe(&m, ©), 71 (&M, O)]|- (5.15)
AHaJIormIHO paccMaTpUBaeTCsl MHTErpaJ no ,Bepxueit rpann Py Py Py P;.
Ornnune ot uaTerpaja no Py P, Py P; Toabko B ToM, 9To Ternepb ( = (y+ Al u
HOpMaJIb 714 Ha ,BEPXHEH" IPaHy COBIAJAET ¢ BEKTOPOM €¢ (& He IPOTUBOIO-
noxna emy). Torya

// fndcr:/ F(&,m, o + AQ) d& dn. (5.16)
Ps Ps P3Py Dgy

(N4

O6oznaunm L) O6’be,ILI/IHeHI/Ie ,BepxHeil* n HU>KHe#“ rpaneii. Torma, ckiaabl-

Bas papeHcrsa (5.14) u (5.16), nmoayunm:
//fndo—// (&1, Co + AQ) — F(E,, Go)] dEdn,
(1) D&]

IIo Teopeme o cpemneM I ABOMHOIO MHTErpaJa:

// [F(&,m, G+ AL) — F(¢,m, Co)] d&dn =

Dey
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Bynewm cunrars dbyuknuun x(&,m, ), y(&,m, ¢) u 2(&, M, () ABaXKBI HEITPEPHIBHO
nuddepennupyembivu. Torja, ucnosb3ys Teopemy Jlarpan:ka, mojiyduMm pa-
BEHCTBO

J[ fado = FEE D A A
pHEY)
oF
rie O € [Co, (o + A]. Tax kak dyHKIus ra HeNpepbIBHA, TO
aF(a**?n**y C**) 8F(£09n0a CO)
= 1
v, 3HAYUT,
/ Jndo = 50 TIO, C())AC\AEAM + o(AEANAQ).
Ocrasioch Beraucauts 3uadenue F(&y,no, (o). B coorBercrBum ¢ hbopmyioit
(2.15) ||[7%, 74)|| = HeHy. Takum obpasom, us (5.15) nosyuaem:
/ fondo = HgH TOALAEAN| + o( AEANAQ). (5.17)

AHAJIOrTIHO BBIYHUCISIIOTCST MHTETPAJIBI 110 JBYM JIDYTHUM TMapaM ,rpaHeii
1. O603nauns X2 obbeunenne ,1eBoit u apasoit rpameii, a ) —  mnepe-
Heit™ u ,3ajiHel” rpaHeil, Moy YnuM:

/ fndo = %(Hanfa)AEIAnAC\ + o(AEANAQ); (5.18)
/ £, do — %(HaHC FIANIAEAL + o AEANAL).  (5.19)
$(3)

B pasencrse (5.18) npeanonaraercs, aro A& > 0, a B paserctse (5.19) — uro
An > 0. Orpann4uuBasich pajii KPATKOCTH U3JIOXKEHHUST TOJBKO CJIy9aeM, KOr/a
A& >0, An > 0u AC > 0, u criaabiBas paserncrsa (5.17)—(5.19), naitmem:

0 0 O
/E/fndcrz [a—E’(Hanfa)Jr%(Hchfn) GC(H‘(’H £ AEARACH
+o(AEANAL).
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Tenepn, ucnosb3ys coorrormenns (5.12) u (5.13), momyanm:

div f(P*)AEARAL =
——L—FNHHn+3ﬂHUW aWHfﬂMAAG
+o(AEANAL).

Pazgenus sro papencrso Ha AEANA(C u nepeiias K npejeny, korma A& — 0,

An — 0, AC — 0 (upu srom Touka P* nepexomur B Touky P)), mosydnm
PaBEHCTBO

- 1 0 0 0

= — H.H H:H + =

| e RS + G HeHef) + 3

KOTOPOE U SABJISIETCS NPEJICTABICHUEM JMBEPTEeHIINU B KPUBOJMHEIHBIX OPTOro-

HAJIbHBIX KOODJ/IMHATAX.
B wacrHOCTH, JIUIst IUJIMHJPUIECKOH CUCTEMbI KOOpJUHAT (P, @, ) 10J1y-

'. - 1 of 10
lef—E{ (fp) q;p (fz) = 8_p(pfp>+_%+ 95

Tak Kak H, = H, =1, H, = p.
st cdpepruueckoii cucTeMbl KOOPAUHAT (p,ﬁ ®)

divf: L [(‘fp( sindf,) + (pf(p) 0 (psmﬁfg)] =

R A 1 8f(p 1 0
N [ ( fp)+psin19 L) +psml9 o,

Haanc)] ,  (5.20)

1 0f, Of.

P2 sin o

7 | 90 p (Slﬂ‘&f{)):|

Tak Kaxk H, = 1, Hy, = psin®9, Hy = p.
Ormerun, uro Teopema Faycca-Ocrporpajickoro 103s0/15€T JIaTh olpe/ie-
aenne divf, He 3aBuCsiiee OT cucTeMbl KoopauHAT (CM., Harnpumep, [1]).

5.5. IlpeacraBieHme poTopa B KPUBOJMHENHBIX
OPTOrOHAJIBHBIX KOOPJIUHATAX

151 BEKTOPHOTO MOJIS f = fx’ZJr fyj'+ leg BEKTOp rot f onpeJieien B 4.6
pPaBEHCTBOM

r_ 8fz af e af:c 8fz 2 af afx 7
rOtf_<8y_8_zy>Z+<8z_8x>]+(3_xy_8_y>k' (5.21)

Ecim e B KpUBOJMHENHON OPTOrOHAJbHON CHCTEME KOOPUHAT (E,n, C)

noJie f 3aJlaHO COOTHOILIEHUEM

F=fe&,n, Q) + fo(E.m, Q)& + fo(E.m, Q)ér
93



TO BhIUKCsIeHne rot f HernocpeacreenHo 1o dopmyie (5.21) okasbiBaeTcst BechbMa,
I'POMOBJIKAM, II09TOMY I[eJ1eco00pa3HO UCIOIb30BaTh TeopeMmy CTOKcA.

Haitjiem popmystbt jiuist BeIanucieHust KO3MMUITUEHTOB A, Ay, G PA3JIOKE-

&) Un,y ¢
HUsT POTOPA,
rot f = ag€s + aney + acer (5.22)

o Gazucy {€x, én, €}
1
OboznaunM E(_) OPUEHTUPOBAHHYIO ,Ipaib’ P P, Py Py napajnenenumnesna
IT (cMm. puc. 2.2) ¢ HOpMaJIbIO T, BHyTpeHHeil 1o orHomennio kK 11. 3anuiem

(1)

JUts 207 1 DYyHKITH f teopemy Crokca:

j{ // rot f, dG (5.23)

(1)

Hanpasnenuem Ha £, cOrJIacOBaHHBIM C OpHEHTallMel Y- ', SIBJISETCSA HaIpaB-
jgenne or P; k Py u nasiee Kk Py, Ps.

Kak mokazano B 5.4, Ha ,,FpaHH“ P, P, Py P3 BBINOJTHEHO PAaBEHCTBO 7 =
= —74 = €¢ u, 3Haunt, (rot flii) = = ag, TOITOMY

E/(!(rotf,dc // rotfn //acda.

(1) (1)

[To Teopeme o cpegHeM I TOBEPXHOCTHOI'O MHTErpaJia, MOJIYIIM:

// (074 do = ac(P*)51243,

(1)

rjie S1o43 — mutommaip rpanu’ Py Py Py Py, a P* — HekoTopasi ToYKa 3TOi TpaHu.
B cuiy HenmpepbIBHOCTU (DYHKIIUU G¢ CIPABEJINBO PABEHCTBO

ac(P*) = a¢(&o, Mo, Co) + o(1).

YaurbiBas 370 paBeHCTBO U (opmyity (2.16) ayist Syo43, HalimeM:

/ / (rot f, do) = acHe Hy| AEAN]| + o( AEAT). (5.24)

51

Beraucnnm Teneph KpuBOJMHEHHDI uHTErpai B pasencrse (5.23), KoTo-
pbIil SBJSIETCS CyMMOI 4YeThbIpex WHTEerpajoB 1o KpusbiM PP, Po Py, PyPs

n P3P, Paccmorpmv crnauasa waterpan no P3Py, fdcewo, uro [ (f,dl) =
P3Py
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- —

= — [ (f,dl). B nexaproBbIX KOOpJMHATAX MAPAMETPUUCCKUMH YDABHEHN-
PPy

siMu KpuBoit Py P sABJsII0OTCS:

F: 7?(11) - [I<£Ovn7 C0)7 y(E,(),T], CO)) Z(Ev())na CO)]T ) n € [T]Oano + An]a

HO3TOMY

Mo+An
- —> 7
[Gan= [ (Fryn
P, Py Mo
T _, [8:16 Jy 82] T 3 3
aK KaK 7., = sy Ay A — KaCaTeJIbHbIU BeKTOp K KOOp,Z[I/IHaTHOI/I JINMHNN
"o on’ on

— - — o —/ _
1, TO W3 OMpeJieIeHus BEKTOpa €, MOy M, 9T0 7y = Hyné,. Snaunr, (f, 7)) =
= H, f m, cnepoparesbHo,

No+An
/ (JE: d_é) - = / fn(EvOanaCO)Hn(E»(]vn;CO) dT] (525)
Pshy Mo

Anasioruano uarerpaJy 1o Py Py Berauciisiercs uarerpad no P Py; otiuaune
OT PACCMOTPEHHOI'0 Caydasl TOJLKO B TOM, 4TO 31ech & = &g + A&, Takum
obpazom,

No+An
/(ﬁ dl) = / fa(&0 + A&, Co) Hy (&0 + AE,M, Go) dn (5.26)
PPy Mo

CruagibiBast pasencrsa (5.25) n (5.26) nosyunm:

No+An
/ (F.dl) = / [G(Ey + A, &) — G(Eo,m, &o)] dn,
P;PiUP,P, Mo

rae G(E,Tl; C) fn( » 1,
/ (f. CT) [G(&0 + AEM", o) — G(&,1", Go)] dn,

P3; PLUP, Py

C)Hy(&,m, 0). o Teopeme o cperem

riae N° € Mo, Mo + An]. Ucnonbays s dbyuaknun G teopemy Jlarpamxka, Haii-

JIeM: oG )
y G(&" ", G
[l = S ey

P3P,UP, P,
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Haxomrern, yunrbiBast HenpepblBHOCTD GyHKINKU G, MOJYyIUM PABEHCTBO

/ﬁ Lﬁﬁ@zzgg%éﬁAaAn+qxaaAny (5.27)

Py P,UP» P,

Anajiornano Boluncisiercss uarerpat mo Py Py, U PyPs:

/ (f,db) = %Aam + o(AEAN). (5.28)

P P,UPyPs

CruasipiBast pasenctsa (5.27) u (5.28) maxoanm:

f(ﬁ%:[a(fffn) 0

Se ) = G- (Hefo)| AEAn + ofagAn)

£y

Teneps n3 pasencrs (5.23) u (5.24) caeayer (mpu AE > 0, An > 0) coorHorte-

HUE

0 0
H,

Pazjienus aro pasencrso na AEAMN u nepeiijis K upejeny upu A& — 0, An —
— 0, moJry9nM BbIpaxKeHue [y KodpdUIuenTa a;:

weHeHAEAN = | ()| BEA + o AEA)

1 0 0
o= g | 5 — (o) (5.29)
Anagornano dopmysie (5.29) ycraHaBIMBaIOTC PaBEHCTBA:
1 [0 0 |
aé - Hr]HC _%(HCfC) ac(H fn)_ )
1 0 0

Koropbie BMecte ¢ (5.29) u pasnoxkenuem (5.22) jaror npejcraBieHne poropa
B KPUBOJHMHEIHBIX OPTOrOHAJIBHBIX KOOPAMHATAX.
B wacTHOCTH, U151 IMJIMHAPUUECKOI cucteMbl Koopauuar (p, @, 2)

of.  0f, of, OL1. 1[0(ofy) 0f] -
Do 8,2]6 +[8z 0T ol e 90|
a Juisi cepudeckoii cucreMbl kKoopauaat (p,V, @)

- 0 O(sind 0 0
ot f — 1 [a]:;) (s 88fcp)] éb—I—l |:8J1;p - (ggﬁ)] Ept

> 1
rotf:—[
(Y
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Sinﬁa(pf(p) _ e €

Jrpsinﬁ‘ op op | Y

Kak n nusepremnnusi, BekTop rot f MoxeT OBITH OIpEJIENEH C ITOMOIIHIO
TeopeMbl CTOKCA HE 3aBUCSIIMM OT KOOpJMHAT criocobom [1].

5.6. Omneparop Jlaniaaca

B ¢usuke ovenb Baxknyto posb urpaer Beipaxenune Au = div(gradu),
HazpIBaeMoe oreparopoM Jlamnaca dyaknun u. Hanmpumep, morennuan u s7ex-
TPOCTATHIECKOTO TMOJIST B OTCYTCTBUE MCTOUYHUKOB YJIOBJIETBOPSIET YPABHEHUIO
Au = 0. MoKHO TPUBECTH MHOTO IPYTHX MAaTEeMATHICCKUX MOJIesell BayKHbIX
dusnuecknx 3aja4u, B KOTOPHIX TaK»XKe Mcrojb3yercs orneparop Jlamnaca. [Ipu
U3YUIEHUH 9TUX MOJeNeil 9acTo HeOOXOMMMO UMeTh MpeICTaBIeHne s OTepa-
Topa Jlamnaca B pa3udaHbIX CUCTEMAX KOOP/IMHAT.

B 1ekapToBBIX KOOpIMHATAX

q ou Ou Oult div # ov, N vy n ov,,
radu = | —, —, —| ; divi=
5 ox’ Oy’ 0z| ' v oxr Oy 0z’
[103TOMY B JIaHHOM CJlydae

Pu  *u  Ou

Au =

Ox? * Oy? + 022

JLJ1s1 KpUBOJIMHEAHBIX OPTOrOHATBLHBIX KoopuHaT (&, 1, () n3 mpejcrabiie-
auit (5.10) u (5.20) caeyer:

= oe (i o) *an (o ) o e )
- Hg¢H.H; |08 \ H: 0§ onm\ H, On oc\ H; 0C)|

B wacrHOCTH, JJ1sT TMIMHAPHIECKON CHCTEMBI KOOPIUHAT (P, @, 2)

Auo 2|9 (0w 0 (Lou) 0 ( Ou\l _
o lan\Pap) Tae \pae) T0:\"az )] T

12 (), L P, o
pdp \' Op

T2 aer T o

a Js1 cepuaeckoil cucreMbl KoopauHat (P, 9, @)

Au = L 2 ZSiD‘S% + 0 L Ou _|_£ sinﬁ@ =
~ p2sind | Op op J@ \sind 0@ L) /)|

- p20p g Jp p2sin®d 0?2  p?sind v )




AHaJIOrTIHO MOr'yT OBITH IOJIYUEHbI [IpeICTaBaeHusI onepaTopa Jlammaca
1 B JIDYI'UX OPTOIOHAJIbHBIX CUCTEMaX KOOP/IMHAT.
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